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BBEJIEHUE B MEXAHUKY CIIJIOIITHOM CPE/IbI

1. Konuenumsi CIuIONIHOM cpeabl

B npenpinymux paszaenax Kypca B OCHOBHOM paccMaTpUBAJIOCh JABM)KEHHE MaTepUabHON TOUKHU
0o abconoTHO TBepaoro Ttena. JIBrkeHue Ae@OopMHUPYEMBIX TBEPIAbIX WIM JKUAKUX TEJ
MIPaKTUUECKU HE 3aTparuBajoch. VICKitoueHueM SBISETCS ONUCAHHE CBOWMCTB OJHOPOJIHOI(
YOPYTOro CTEPXKHS WM IPYKUHBI C IIOMOIIBIO 3aKoHa ['yka.

IlonsiTHE CIVIOLIHOM CpeAbI

B mHacrosmem pasznene Kypca Mbl PacCMOTPUM HEKOTOPBIE MPOCThIE CIIOCOOBI ONMKCAHUS
NBWOKEHUS 1e(OpMHUpPYEMBIX Tell, B KOTOpBIX INpeolnanaroT Heynpyrue aedopmanuu. Ilockonbky
onucanue naedopmanuii BooOIe NpeACTaBIseT JOCTATOYHO CIOXKHYIO 3a/1ady, Mbl OIpaHUYHMMCS
M3y4YE€HHEM CBOMCTB CIUIOMIHOM cpebl. CIUIOMHOM cpenoil Ha3bIBaeTcsl (PU3NUYECKOE TeJl0, CBOMCTB:
KOTOPOr0 B COCEIHHUX TOYKaX Majlo OTJIMYAIOTCA. DJTO O3HA4aeT, uTo (PU3MUECKHE BEITUUMHBI
OTIpEeNIETSIONINE paccMaTpUBaeMble CBOWCTBA CIUIOIIHOM cpefbl, OJU3KM B COCEJIHHUX TOUYKaX
TpaauIMOHHBIMU IPUMEPAMU TAKUX TEJl SBJSIOTCS KUIKOCTH WU Ta3bl.

[Ipenmnonaraercs, 4T0O MEXaHUYECKHE U TEPMOJUHAMUUYECKHUE XapaKTEPUCTHKHU CIUIOIIHON Cpelb
MOTYT OBITh ONUCAaHbl (PU3MUYECKUMHU MOJISIMU, TAKUMHU KaK I10JI€ MJIOTHOCTH, CKOPOCTH, JIaBJICHUS ¥
T.1. HamomHum, uro nojem (u3MuUeCKON BETUYMHBI HA3bIBACTCSl OJHA WM HECKOJBKO (DYHKLMMN
3aJJaHHBIX B Ka)K/10i1 TOUKE MPOCTPAHCTBA B KaX/IbIii MOMEHT BPEMEHH.

Ha npaktuke 3amanue momns (U3UYECKOW BEJIMYMHBI CBS3aHO C OMPEICICHHOW MPOIEAYypOr
YCPEIHEHUSI, KOTOPYIO Mbl TOSICHUM NIPUMEPAMHU.

[IpenmonoxxuM, YTO paccMaTpUBaeMOE€ TeEJIO MOXHO INPEICTaBUTh B BHJIE€ COBOKYITHOCTE
OOJIBILIOTO YMCIAa YAaCTULl IOCTOSHHOIO COCTaBa, KaxJas M3 KOTOPBIX 3aHUMAeT HEKOTOPBIk
asieMeHTapHblil 00beM. Eciu snemeHTapHbIil 00BbeM, 3aHMMAaeMON YacTULEH MOXHO BbIOpaTh Tak
4YTOOBl €r0 pa3MepaMH MOXKHO ObLIO MpeHeOpeyb MPU OMHCAHUM JABMXKEHHUS, TO TaKyl YaCTHUI
MOKHO paccMaTpuBaTh, KaK MaTepHaJIbHYI0 TOYKY. B OOJILIIMHCTBE ciy4yaeB 3TOT O0BEM Cieaye’
BbIOpaTh JOCTATOYHO MajibIM. [[BHM)KEHME CILIOIIHOM cpebl TOTJa MOXKET ObITh IPEICTaBJICHO, Kak
JBM)KEHHE OUYEHb OOJIbIION COBOKYITHOCTH TaKMX 4acTHll. bojee moagpoOHO MOHATHE «3JIeMEHTapHbIF
00BEM» paccMaTPUBACTCS HUIKE.

OpHMM U3 BO3MOXKHBIX METOJIOB ONUCAHUS SBJISAETCS ONPEIEICHNUE IBUKEHUS KaKJOW U3 YacTHIL
T.€. Olpe/ieJieHre (PU3NYECKUX BEIMYUH, C HUMU CBA3aHHBIX. Takoi MoaXo/a Ha3bIBaeTCs OMUCAHUEN
Jlarpanxa. Ilpumenenue onucanus Jlarpanyxa mnpeacTaBisieT ONpeleIeHHbIE y100CTBa, MOCKOIbK)Y
HETMOCPEACTBEHHO CBSI3aHO C BO3MOYKHOCTBIO HCIIOJIb30BAHUSA MOJIENEe MaTepuaabHOW TOYKU ¥
TBepaoro tena. OnHako, Ha NPaKTHKE TaKOM MOJIXO0J UCHOIb3YETCs TOJIBKO Ul U3yUEHUS JBUKECHUS
B TE€4YeHHE HEOOJBIIMX MHTEpBAJOB BpeMeHU. Eciu cruiomiHas cpefa JBHKETCS B OTPaHHUUYEHHOM
o0beMe B TEYEHHE JIOCTATOYHO OOJBIIOrO BPEMEHH, TO TPAGKTOPUM YAaCTHUI[ CHJIBHC
nepenyTbiBatoTcs. YacTuipl, mepBOHAYaIbHO HAaXOJMBIIMECS B COCEIHUX TOYKaX MPOCTPAHCTBA
OKa3bIBAIOTCS pa3/ieJICHHBIMU. DJEMEHTapHble 00BEMBI, 3aHHMAaeMble COCEJHUMHU YacTULIAMHU, Tp¥
TAKOM JIBMOKEHUH CUJIBHO 1e(OPMHUPYIOTCS U MOTYT MUMETh 3HAYUTENIbHOE MPOTSHKEHUE MPU Majloh
o0bemMe. DTO MPUBOIUT K TOMY, YTO MaJIOCTh MEPBOHAYAIBHOIO 00bEMa HE TapaHTHPYeT OJIM30CTE
(Gu3NYECKUX CBOMCTB BEIIECTBA B HEM CITyCTsI HEKOTOPOE BpEMs, YTO B CBOIO OUepeab HCKIIHOYae]
MIPUMEHEHHUs anmnapara JuppepeHnnaIbHOro HCYUCIEHUs K TaKoi cpee.

IlosieBble BeITMUMHBI B IepeMeHHbIX Jiljlepa

bonee ynobubiM sBisieTcss moaxon Oiiepa. B 3TomM moaxome paccMaTpuUBAIOTCS MBICICHHC
BbI/IEJICHHbIE 00bEMBI IEPEMEHHOTO COCTaBa, MOJI0XKEHUE KOTOPBIX 3374aeTCsd KOOPAMHATAMHU «TOUKE
HaOMOIeHUsI» — JI000M TOYKM, IMpPHUHAJUIeKAIIeH BblaeaeHHOMY o0beMy. [Ipenmonaraercs, 4rc
MOKHO BbIOpaTh OOBEM HACTOJIBKO MaJIbIM, 4TO (U3UYECKHUE BEIUYMHBI CPEllbl BHYTPH TaKOI(
o0bemMa HE 3aBHCAT OT BbIOOpAa «TOYKM HaOmoAeHUs». TakumM o00pa3oM, B KaXIOM TOUKe
IIPOCTPAHCTBA B KaXKAbli MOMEHT BPEMEHHM MOXKHO OIPENEIUTh BEIMYHMHBI, 33/1al0IIHUE COCTOSHHC
CIUTOILIHOM cpefibl — Gpu3nueckue nois. PaccMoTpuM B kauecTBe IpuMepa BBEAECHUE M0JIS IIOTHOCTH
[Ipenmonoxum, 4To AePopMUpPYyEMOE TelI0 YCTPOEHO TaK, YTO B OKPECTHOCTH JIFOOOW TOUKH
3aJJaHHOW paJNyC-BEKTOPOM { , CYLIECTBYET JOCTATOYHO Maiblii o0beM DV Takoi, 4TO Macc:

B€IICCTBA B 3TOM o0beMe Dm IMPOIMoOpHKMOHAJIbHA BCIIMYMHE 3TOI'O o0beMa M HE 3aBHCHUT OT €I

(bOopMBbI U pa3MepoB:
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Dm~DV.
Kosd¢uuuent nponopunonanbHOCTH I B 3TOM BBIpaXXEHUHM HA3bIBACTCS IJIOTHOCTHIO TeNa I

JAHHOM TOYKE ITPOCTPAHCTBA B IAHHBI MOMEHT BpeMeHu [ =T (fr,t) . Takum o6pazom
Dm=rDV .

O6’BCM, AJIL  KOTOPOI'0 BBIIMOJHACTCA IMPOIMOPLHUOHAJIBHOCTE, HA3bIBACTCA JJICMCHTAPHBIM, <
(dbu3HYecKoe Teno — CIUIONTHOW cpenoit. Ha mpakTuke mpomopiiMoHaIbHOCTh COONIOAACTCS HE JUIs
mo0o0it GpopMbl U HE A Jr000r0 Masioro oobema. Ha BenmunHy oObeMa OOBIYHO HAKIIAIBIBACTCS

orpaanuenne DV, <DV <DV, . . Jlns usyueHus BemecTsa B OOBIYHBIX YCIOBHSIX OTPaHHYEHH

CHU3Y OOYCIIOBJIEHO MOJICKYJSIPHOM CTPYKTypOoi BemecTBa. MUHUMAIbHBIA 00bEM JOJIKEE
COJIEpKaTh JOCTaTOUYHO OOJBIIOE YUCIO MOJIEKYJI, YTOOBI MOXKHO ObLIO IIpeHeOpeub (PIIyKTyauusMu
MaxkcumanbHbIN pa3Mep 3JIEMEHTapHOro 00beMa BHIOMPAETCS U3 YCIOBUN JTOCTHXKEHUS TPUEMIIEMOT
TOYHOCTH OIUCAHMUS.

AHanoruyHeIM 00pa3oM BBOAATCS U MOJIA APYTUX (U3WYECKUX BEJIMYMH, HAIIPUMEp, CKOPOCTE
win Aasienus. CuuTaercs, 4To ABMXKEHUE CIUIOIIHOM Cpesibl MOXKET ObITh 3a/1aHO I0JIEM CKOPOCTEl

r_r
V—V(Ir,t), €CIM B OKPECTHOCTH «TOYKH HAOMIONEHUS» | JUIsi KaXJI0T0O MOMEHTAa BpPEMEHH t
CYILIECTBYET 3JIEMEHTapHBIM 00beM DV Tako#, 4TO CKOPOCTH BCEX YACTHUIl CPEIbI B 3TOM OOBEM

MO’KHO CYUTATh OJMHAKOBBIMU C 3aJJaHHON TOYHOCTBIO.

Mopenb CIUIOMHON cpeAbl UMEeT IMUPOKYI 00JacTh MpUMEHEHHs. Ee MOXXHO HMCIOJIb30BaTh
HaIpUMep, JJIs U3YYEHHUs IBUKEHHUS OOBIUHBIX KUAKOCTEH WM ra3oB. Eciau snemeHTapHbI 00ben
BbIOpaTh JOCTATOYHO OOJIBIIMM, HAIPUMEP CPABHUMBIM WJIM MPEBBIIIAIOLIIMM pa3Mepbl COITHEYHOL
CUCTEMBI, TO MOJIEJb CILIOIIHOMN Cpeibl MOKET ObITh UCIOJB30BaHa U JJISl OMMCAHUS IBUKEHUS 3BE3]
BOJIM3M sizpa ['anakTuky.

2. Ilose ckopocreii u nedopmMaumu cpeabl

[Tone ckopocTell CIIOIIHOM Cpenbl OMUCHIBAET MPOM3BOJIBHBIE €€ JABMKECHMS, BKIIOYas U
nedopmanuu. [lockonbky nBmwkeHne 0e3 nedopmaruii MOKET OBITh ONMHMCAHO MOJEIBIO TBEPIOTO
TeJa, pacCMOTPHUM IOAPOOHEEe YCIOBUSI, KOTOPHIM YAOBIETBOPSET MOJIE CKOPOCTEH, ONUCHIBAIOIINX
negopMaliu crIomHon cpenbl. Onucanue ABMXKEHUS 4acTUll OyJIeM BECTH B IEPEMEHHBIX Diliiepa.

Crnenaem 3ameuanue o ¢GopMe 3amrcH BEKTOPHBIX BeJIMUWH. Jlaiee Mbl Oy/1eM HCIIOJIb30BaTh JIBE
(dhopMBI MpeCTaBICHUs BEKTOpa — 3aJaHUE €ro C IMOMOIIBIO MPOEKIM B BHIOPAHHON J€KapTOBOMN

cucteme, Hapumep X , V., rne unnekc k npoberaet 3HaYeHus oT 1 10 3, 100 Kak abCTpaKTHBIN

r 1
reOMETPHYECKHI 00BEKT, OTMEYast BEKTOphl cTpeskoi I, V u 1. x. [l ynpouieHus neidcTBUi ¢

BEKTOpAaMH B Cllydae 3aJaHus MX MPOCKIMAMH, NPUMEM COIVIAIIEHWE O CYMMHMPOBAHHMH I10
MTOBTOPSIFOLIUMCS NHIEKCAM.

Jljis KpaTKOCTH MpeACTaBiIeHUE BEKTOPOB B IIEPBOM BUjI€ OyJeM Ha3blBaTb TEH30PHBIM, @ BTOPOE
- BEKTOpHBIM. BO MHOrux ciayyasix HCIIOJIb30BAHME BEKTOPHBIX O0O3HAUE€HUN BMECTO TEH3O0PHBIX
(ram TOE OTO BO3MOXKHO) OKa3bIBaCTCS IMPEANOYTUTESIBHBIM, TIOCKOJIBKY BHJ ypaBHEHHIA,
3allMCaHHBIX B BEKTOPHOH (hopme, He CBsI3aH C KOHKPETHBIM BbIOOpPOM KOOpIMHAT. B uacTHOCTH,
BEKTOpHas (opMa MOXET ObITh HCIIOJIb30BaHA JJIs 3alUCH YpaBHEHUH B IPOU3BOJIBHBIX
OpPTOrOHAJIBHBIX KOOPAWHATAX, HAIPUMED, IMIUHAPUIECKUX WU CPEepUIECKHX.

st onpenenenust neopmManuii pacCMOTPUM CKOPOCTh YacCTHIl B ABYX OJMU3KUX TOUKaX - X( U

X +dX . TTomaras mone ckopocTeii quddepeHIMpyeMbIM, B IHHEHHOM NpuOmmKerHd mo dX

MOJIY UM

Vi (%, + 1) =V (%, ) ﬂﬂxkidxk

)\

OueBHIHO, YTO B TOM Clydae, KOIJa CKOPOCTH BCEX TOYEK Cpelbl OJMHAKOBHI, T.e. WXy :
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™.,
nedopManuy cpeibl OTCYTCTBYIOT. OnHako M B ciaydae 11X CYLIECTBYIOT IBH)KCHMS, HE

npuBojsmKe K nedpopmauusaM. HanmoMHuM, 4to nBHXKEHHE Tena Ha3bIBaeTcs JedopMmanuei, eciau
U3MEHSIOTCSI PAacCTOSHUS MEXIY €ro TOYKaMH. DTO MPOMCXOAUT TOJBKO B TOM ciyyae, Korja
MPOEKIIMKM CKOpOCTeH J000il mapbl TOYEK Ha MpsAMYI0, UX COEQUHSIOUIYI0, HE paBHbL. B

paccMaTpHBaeMOM CJIydae 3TOH TpsMOH sBisieTcst BekTop OX , a mpoekmus BeKTopa CKOPOCTH
IPONOPLHOHANBHA CKATAPHOMY IpOU3BeieHNI0 V, (Xk ,t)dXi . [IpuMeHsist TOT KpUTEPUN K YacTHIIAM

CIUTOMIHOM Cpejibl, HOTyYHUM YCIOBHE Ha I0JIe CKOPOCTEH, MPH KOTOPHIX Ae(GOpMaliK OTCYTCTBYIOT
st mo0pIx dX 1 0

Vv, (Xk + ka’t)dXi =V (Xk’t)dXi :

[TomyuenHnoe cooTHOIIEHHWE TPHUBOAUT K AU(dEpPEeHIINaTbHOMY YCIOBHIO JJIsi TIONS CKOPOCTEH,
OIMCHIBAIOUIETO JIBUKEeHUE 0e3 nedopMaluid:

IV dedx, © 0
X,
st mrooeix A% 1 0,
.\
CBepTKa TeH30pa % u cuMMerpraHoro Tensopa Dy =dxdx, (D, =Dy ), ne paBuoro Hyo,

o0paIaercs B Hyjb TOJIBKO B TOM CTy4ae, KOT/Ja TEH30p |y SBISAETCS aHTUCHMMETPHYHEIM, T.€.
Ty =-Tg.

HpeHCTaBHXX TCH30p Tik B BUJIC CYMMbI aHTUCUMMETPUIHOI'O TCH30Pa Aq U CUMMCTPHYHOI'O

TeHzopa Sy
= At S,
1V, 1V, 0
rae A zgﬂ_xk-ﬁﬂ
1V | V.0
a 5 zgﬂxk ﬂX.g

MOJIYYHMM CJICTYIOUIUNA KPUTEPUH IS OnpeesieHus 1e(opMaliiy CIrijIomHON Cpeibl.
eusicenue cniaoutHoll cpedvl A61NAEmMc de:[)opmauueﬁ eciu CUMMEmMPUYHBLIL MEH30D

gﬂxk '”XI p

He pageH modcOecmeeHHo Hyato. ITOT TEH30P Ha3bIBAETCS TEH30POM cKopocTeii nedopmanmii 1
ONpEIENSIET CKOPOCTh U3MEHEHUS PACCTOSHUS MEXAY COCETHUMH TOUKAMM CIUIOIIHOW CpPEJbI.

Ecnu BbIOpaTh OpHEHTALIMIO OCEH CUCTEMBI KOOPIMHAT TaK, YTOOBI B pacCMAaTPUBAEMOM TOUKE
TEH30p CKOPOCTEH Jedopmanuii cTai JUaroHaibHbIM

&, 0 09
S.=¢0 S, 0
§0 0 Syp,
TO 3a BpEMA dt PacCCTOSAHUEC MEXKAY TOUKAMH, HAXOAAIMMHUCA Ha OCAIX, U3MCHUTCS .
dx{ = dx, + S;;dx,dt dx§ = dx, + S,,dx,dt | dx§ = dx, + S,dx,dt |

D10 NpHBEJET K M3MEHEHHIO PACCMATPHBAEMOTr0 dIeMeHTapHoro oosema dV = dx,dx,dXx, :

mhtml: http://mwww.chizh2006.narod.ru/Part 1.mht 10/2/2005



http://www.chizh2006.narod.ru/Part_1.mht

BBEJIEHUE B MEXAHUKY CIIJIOIIHONM CPEJIbI Page 4 of 20

dV (= dx(agaxg = dV [1+(S, + S, + S )]
CKOpOCTh U3MEHEHHUSI OTHOCUTEIILHOTO 00beMa OMPECIIIeTC CYMMOM JIMarOHATbHBIX KOMIIOHEHT
TEH30pa CKOpOoCTel nedopmaniuid:

(-
1 d&Vv _ 1 s8vi-sv :811+822+833:1]V1+1]V2+1]V3 :ﬂVk
8V dt 8V dt ™, X, Xz X, .
WM B BEKTOPHOU opme
r
1 dsv —di V
8V dt

Takum 006pa3oM, CKOPOCTh U3MEHEHHUSI AJIEMEHTAPHOr0 00beMa MPONOPLHOHATIbHA JUBEPTEHIIUN
BEKTOpPa CKOPOCTHU B pacCMaTpUBaeMOMN TOUKE.

3anuineM COOTHOILEHUS MEXIY CKOPOCTSMM YaCTHUI[ CPellbl B COCEIHUX TOUYKaX MPOCTPAHCTBA,
UCIIOJNIB3Ysl BEKTOpPHBbIE 0003HaueHus. Jljis 3TOro COMOCTaBUM aHTHCUMMETPUYHOMY TEH30pY

19V, 1V, 0 _1 1. v
- _k eljkA 2 Ijk ﬂXk

i
zgﬂxk 1% @ ncesnosexTop BuxXps 2 j , 3alkcaB CBEPTKY OTOrO

TCH30pa ¢ CAMHUYHBIM aHTUCUMMCETPUYHBIM TCH30pOM JleBn-UuBura

N

| €3 =€y =€, =1
€m =1 €33 =€ =€ =- 1

{ OCTaJIbHBIE PABHBI HYJIIO

N—"

Takoe COMOCTaBJIEHUE B3aUMHO-0HO3HAUHO'
Am = eImnW
I[TocnenHee COOTHOIEHHE JIETKO TOKA3BIBAETCS, €CIIM YIECTh TOKAECTBO SijkCmk = d,d; - dd;,:
1 1 1
Ay = E €mCiin Ak = E (dljdmk - dlkdmj )Ajk = E (Am - Ay ) = An

eI mn enjk

BBejieHIE TICEBIOBEKTOPA BUXPS TIO3BOIISET 3aIIHCaTh BEKTOP CKOPOCTH cpeibl B Touke X, + dX,

ﬂVk JlaEy Vo

V. (x +dx,,t Rl —kd
B et) =Vl 2§ﬂxk ﬂwk 2§ﬂ><k ™"
B BHUJIE.
( + ka’t) (Xk’t) imkaka + %‘XI ’
v =Ls ey, = S8V, MV Gy
rie 2 4 ﬂ T

B BCKTOPHBIX 0003HAYCHHIX IIOJIYYCHHOC PAaBCHCTBO MMECT BH .

V(F +df,t) =V ([, t)+ [Wdf |+ grad,, Y |

r 1 .t
w=—rotV
rjue 2 .
OT0 cooTHOIIEHUE Ha3biBaeTcs popmydoit Komu-I'ensmromnpua.

3. UuTerpanbHbie XxapakTepucTuku noJis. Iloroxkn

Kpome nnddepeHnnanpHpIX XapaKTEepUCTHUK TIOJI YacTO MCIOJB3YIOTCS M HHTErPasIbHBbIC
XapaKTepUCTUKH, IPUMEHEHUE KOTOPBIX JeslaeT onucanue Oosiee HarysiHbIM. OJHOM U3 HamboJec
Y/IOOHBIX XapaKTEPHCTHK BEKTOPHOTO MOJIS ABJISAETCS JIMHUS MOJIs. JIMHUE BEKTOPHOTO MOJSA A

Ha3bIBaE€TCs HEMPEpbIBHAS JIMHU, KacaTeabHasi K KOTOPOH B JII00OH €€ TOUKE COBIAJAaeT C BEKTOPOM
oJIs B 3TOM TouKe. ITyCcTh IMHMA 1O 3ajaHa B TapaAMETPUUYECKOM BUJE YPABHEHUEM f= fr(S), rae
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drrzwds

S - mapamerTp, Hampumep, JuiMHa ayru. KacaTenbHbI BEKTOD s IIPOIIOPLIMOHAJICE
BEKTOpY MOJI, T.€.

drr:Mds:aA

S
9t0 YCJIIOBHC MOKHO 3aIucaTtb U TaK.
dx dy dz
A, A A,

Ecnu nuHUM TOKa MpOXOAST uepe3 3aMKHYThIM KOHTYp L, To oOpa3yemast umu TpyOka Ha3bIBaeTcs
TpyOKoil ToKa. [locKOIBKY BEKTOp CKOPOCTH Ha TpaHHIle TPyOKH TOKa KacaTeleH K HeH, TO B ciyyac
CTallMOHAPHOT'O TEYEHMsI BCE YACTHUIbl JKUJKOCTH OYIyT OCTaBaThCS BHYTpHU 3TOM TpyOku. TpyOk:
TOKa HA3bIBAETCS BJIEMEHTAPHOM, €CIIM BEKTOp MO A B II000i TOUYKE HOBEPXHOCTH S, HATAHYTOL

Ha KOHYp L, onuHakos.

[ToToku ¢pu3MUECKUX BEIMUHMH U TPyOKa TOKa.

[ToTOKOM BEKTOpa MOJNs A uepe3 IEMEHTApHYI0 IIOBEPXHOCTh (IS HA3BIBACTCSH BEIMUMH:
dF = (A>‘dé) Jlist o CKOpOCTH \/ TOTOKOM BekTopa ckopoctu siBnsercs dF = (\I/ >dé) Ecr
paccMaTpuBaTh JABHKEHHE JKHIKOCTH B TEYCHHE OJICMEHTApHOTO HHTEpBaia BpeMeHH Dt, Tc
YACTHUIIBI CIUIOIIHOM Cpelbl, HAaXOMIAIIMECs B MOMEHT BpeMeHH Ha KOHType L, 3a 310 Bpewms
nepemeniarorcs Ha DF =VDt . Torma Bemmumua dF Ot = (\I/Dt >dé)= (D'r >dé)= DV - 310 o6Ben

KUIKOCTH, POLIEAIIEH YEPE3 KOHTPOIBHYIO TIOBEPXHOCTb.
o . 1
Jis HeckumaeMoil kuakoctd divV =0 U TOTOK uepe3 Jo0YyH 3aMKHYTYH I[OBEPXHOCTb

OrPaHUYHUBAIOLIYI0 HEKOTOPBII 00bEM, paBeH HYJIIO:

&V xdS) = ¢yfivVdv =0
S \% .

1 .r
v{‘/ =—rotV .
[Tono6HO IMHUSAM TOKA MOXKHO BBECTU JIMHUU BUXPS 2 . YpaBHEHUE JIMHUN BUXPS
dx _dy dz
w, w, w,,

r
divil = Ldivroty =0
[Tockosbky 2

HYJIIO!

, TOTOK BUXPS Yepe3 JTH00YI0 3aMKHYTYIO TIOBEPXHOCTh PaBeH
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I
A ais) =
Ecnu B kauecTBe 3aMKHYTON MTOBEPXHOCTU paccMaTpUBaTh 00beM TPYOKU BEKTOpa BUXDS,
OTPaHUYEHHBIH JIBYMs CEYEHHAMU S; U S, , TO IIOTOK BEKTOPA HE 3aBUCHUT OT BHIOOPA KOHTPOJIBHOIO

dS)= ol xas)

CCUYCHUA.

Ucnonezyss Tteopemy Crokca, MOXKHO IpeoOpa3oBaTb MOBEPXHOCTHBIM  HHTErpanl I
KPUBOJIMHEHHOMY

dv{} «dS) = drotv «tS) = dv l )

[TocTosiHCTBO OTOKA BUXPS BJIOJIb pr6KI/I BUXPS TOT/Ia MOYKHO paccMaTpHUBaTh, KAK COXPaHEHM¢
LIUPKYJISIUU BekTopa Buxps [' o nmo0oMy KOHTYpY, OXBAaThIBAIOLIEMY ITY TPYOKY.

[ToToku (pu3HUECKUX BEIUYHUH.

[IpencraBieHre 0 MOTKE MAacChl WJIM CKOPOCTH MOYKHO DPACHIMPUTH U Ha Jpyrue (U3MUecKu¢
BEJIMYMHBI CKAJSIPHOM, BEKTOPHON MJIM TEH30pHOU Mpupobsl. OCOOEHHO HAIISIIHO MPEICTABICHHE (
MOTOKE JIJIsl SKCTCHCHBHBIX ([IPOMOPIIMOHATBHBIX YUCIY YacThll) (U3NYeCKUX BeluduH. OTMETHM
HEKOTOpPbIE BEJTMUHHBI U UX MIOTOKHU

CkansipHple. TOTOK 4YHCJIa YacTHL, MOTOK MAacChl, MOTOK 3JEKTPOMYECKOro 3apsijia, IMOTOR
KMHETUYECKOW U BHYTPEHHEH 3HEPTrUU, HOTOK SIHTPOIIHH.

BekTopHBIE: NOTOK CKOPOCTH, MOTOK BUXPS, NOTOK HAMPSKEHHOCTU IOJsI, NOTOK HMITyJbca
MOTOK KUHETUYECKOTO MOMEHTA.

BajiancHble COOTHOLICHUS .

4. Onucanue B3aUMO/IeHCTBUS B CIJIONIHOM cpefe

Jlji noCTpoeHUs JTUHAMUYECKON TEOPUH HEOOXOIMMO BBECTH (PU3UUECKUE BETMYHHBI,
OIMCHIBAIOIINE JICHCTBUE HA BbICICHHBIN AJIEMEHTapHbIN 00BbeM JIpyrux Ten. B Mexanuke
MaTepuaIbHOW TOYKHU JUIS 3TOTO UCIIOJIb30BAJICS BEKTOP CHIIbI. PaccMOTpUM cHlOBOE onucaHue
BO3/ICHCTBUS U B MEXaHHKE CIUIOIIHOM cpezbl, BBEIS He0OXoauMble Moaudukanny. HamoMuum, 4ro
B MEXaHUKE TOUKH MbI Pa3/IEJIsIM CUIbl Ha JIBA OCHOBHBIX TUIIA — CHJIBI 1aJIbHOJICHCTBYOIINE, IS
KOTOPBIX MOXHO yKa3aTh 3aBUCUMOCTb OT PACCTOSTHUSI MKy TEIaMU, U CHJIbI KOHTAKTHBIE,
BO3HHUKAIOILIHME IPU COMPUKOCHOBEHUH TOUKH M TBEPAOro Tesia. KoHTaKTHBIE CHIIBbI 00YCIIOBIIEHBI
MaJibIMU iepopMalmsiMK, KOTOPbIE HE PETUCTPUPYIOTCS OOBIYHBIM CIIOCOO0OM, U [TO3TOMY
KOHTAKTHBIE CHJIbI Mbl BBIIETISUIM B OCOOBIN KJIACC CHJI, HA3bIBAEMbIX CUJIAMH PEaKLIUU.

O0beMHBIE CHJIBI

AHaloru4Hoe paszeneHue 1eaecoo0pa3Ho NPOBECTH U B MEXAHUKE CIUIOIIHOM CPeJIbl.
PaccmoTpum BHauasne 1aabHOEHCTBYIOIINUE CHIIBI, K KOTOPBIM OTHOCSITCS 3JIEKTPOMAarHUTHbIE U
rpaBUTallMOHHbIE cUIbl. [1ycTh anemenTapHbiii 00beM DV 3aloJIHEH CIUIOIIHOM Cpefol IIIOTHOCTU

I', Tak uto ero macca DM=r1DV | Cuna Tsxectn, neiicTByromas Ha 3TOT 00beM,

1
DF =Dm§ = r §DV oxassmaercs HPONOPLUUOHATILHON BEJIMYNHE 00bEMA HE3ABUCUMO OT €TI0

1 (v
pasmepoB u hopmel: DF ~ DV . BekTopubiii KO3 PHUITMEHT TPOMTOPIIMOHATEHOCTH HAa3bIBACTCSA
1 1
(o6bemuoi) mnotHocTeio cuibl: DF = fDV . B paccmarpusaeMoM cityyae 00beMHast INIOTHOCTh

1
cwiel mmeet Bug. [ = ré .
IIOTHOCTH CHIIBI 33a€TCS B KAKIO0M TOYKE MPOCTPAHCTBA B KAXKIBIi MOMEHT BPEMEHH U
1 1
onpezenser pU3NIECKOE MoJIe MIOTHOCTH cunbl: | = f (Ir,t) .

ITo onpenenenuto, A JaIbHOASHCTBYIOMIMX CHII MOXKHO BBECTH I10JI€ IUIOTHOCTU CHJIBI, €CIIU
cuJIa, IEUCTBYIOIIAs HA AIEMEHTapHbI 00beM DV NponopluoHajbHa BEJIMYUHE 3TOr0 00beMa U He

3aBHUCUT OT €TI0 (bOpMBI " pa3McCpoOB. K cmiaMm Takoro THIia OTHOCITCS U QJICKTPOMArduTHBIC CUJIEI,
JEWCTBYIOIINE Ha 3apsHKEHHYIO CIUIONTHYIO CPEy, €CIM paclpeieieHre 3apsa MponopIHOHAIEHO
BEITMYMHE DJIEMEHTAPHOTO 00BbeMa.
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IloBepxXHOCTHBIE CHJIBI

I[J'ISI KOHTAKTHBIX CHUJI CUTyalusd HCCKOJIBKO MHas. CyHIeCTBYIOT TaKu€ KOHTAKTHBIC CUJIbI,
BEJIMYMHA KOTOPBIX NMPONOPLIMOHAIbHA IUIOLIAN COIPUKOCHOBEHHUS pACCMAaTPUBAEMOI0
3JIEMEHTapHOro o0bema ¢ Ipyrumu teinamu. AF ~ AS . BennuuHy 1 opueHTaIMIO 3JIeMEHTapHO I

1 1
IIOBEPXHOCTH CONPHKOCHOBEHHS 3a1a1uM BektopoM DS . Hampapnenue Bektopos DF u DS He

00513aT€IbHO COBIAAAET U MOXKET 3aBUCETh OT OPUEHTALIMHU TJIOLIA/IKH, T03TOMY KO3 (DULIUEHTHI
IPONOPLHUOHAIBHOCTH 00pa3yoT TEH30p BTOPOro panra. [103ToMy cooTHOLIEHHE MEXIY
3JIEMEHTApHOMN CHJION U 3JIeMEHTapHOM IUIOIIAIKON y100HEee 3amucaTh B TEH30PHBIX 0003HAUEHUSX.

[ycts AF; - npoexiuu 2meMeHTapHOTO BEKTOpa CHIIEL, a AS, - MpoeKIuy BeKTOpa SIIeMEHTapHON
mnomaaky. Torma ycnosue nponopupoHansHocTd umeeT . DR = P,DS, | rie tensop Broporo

paHra Py = Py (Xs,t) ONpENEIISIET T0JIE, XapaKTEPUIYIOIIEE KOHTAKTHOE BO3JEHCTBUE HA JJAHHYIO
3JIEMEHTAPHYI0 TOBEPXHOCTh JPYTUX YACTEH CIUIOMHOM cpefibl. [1onoxkenune anemMeHTapHon

TUIOIIAIKA B BRIOPAHHOM CHCTEM OTCUETa OMPEIEIIAETCS €€ KOOpAMHATaMU Xs B JAaHHBIM MOMEHT

BpPEMEHHM t ¥ OpUEHTAINeH, 3a1aBaeMoii BekTopoM DS, . DToT TeH30p Ha3BIBAETCA TEH30POM

JIOKAJIbHBIX HAIPSIKEHUM.

JlnaroHanbHbIC KOMIIOHEHTBI TEH30pa OIPEICIISIOT HOpMaJIbHbIC (ePIICHAUKYJIIPHBIC)
COCTABJIIFOLIME BEKTOPA CWIIBI, JEMCTBYIOLIETO HA IJIOMIAIKY, 4 HEIMarOHAJIbHBIE — KacaTEIbHbIE
COCTaBJISIOLIME DTOU CHIIBL.

B o6mem ciydae TeH30p BTOPOrO paHra 3aJaeTcsl AEBSATbIO KOMIIOHEHTAMM, OJHAKO BO MHOTH>
cpelax B CWIy 3aKOHAa COXPAaHEHHMS KHHETMYECKOTO MOMEHTa JTOT TEH30p OKa3bIBaeTCs
CUMMETPUYHBIM:

Pi = Py ,
YTO CHWKAET YHWCIIO HE3aBUCHUMBIX KOMMOHEHT TeH30opa 10 6. COOTBETCTBYIOMIMM BBIOOPONM
OpHEHTAallMH OCEd KOOPAMHATHOW CHCTEMBI MOYKHO NIPUBECTH CHMMETPUYHBIM TEH30pD |
JMaroHaJIbHOMY BUJY.

B mpocTeIX MOIEnsx CIUIOIIHOM Cpeipl €€ BO3JICHCTBHE Ha AJIEMEHTApHYIO IUIOMIAIKY MOYKH(
CUMTATh HE 3aBHUCSIIUM OT OpUEHTAaUMU. Takas cpena Ha3pIBAaeTCs M30TPONHOW. Ecim kacatenbHBbI¢
COCTaBJISIIOLIME CUJI, ACUCTBYIOUIMX Ha IUIOLIAJIKY MPEHEOPEKUMO Mallbl, TO TEH30p HANPSKEHUH I
9TOM CIIy4Yae OKa3bIBAaeTCsi JAMArOHAJIbHBIM, IPUYEM BCE €ro KOMIIOHEHTHI OJMHAKOBBI. Takas
CUTYyallMsl PEAIN3yeTCsl B MOJEIM B3aUMOACHCTBUSA JKHJIKOCTH WM Tra3a, HaXOJSLIErocs I
OTHOCUTEJIBHOM  DaBHOBECHH, ONHCbIBaeMOM 3akoHOM [lackanmsa. JKmakocte wnm  ras
MIOJYMHSAIONIMECS ATOMY 3aKOHY, Ha3bIBAIOTCS HJCANbHBIMH. TEH30p HAINpSIKEHUU HICAIBbHOL
CIUIOIIHOM Cpelibl UMEET BUJL:

P =- p(Xs’t)jki :
3HaK «MHHYC» B 3TOM BBIPa)XCHHUU BbIOpaH TakK, YTOOBI AJIEMEHTapHas CWia, ACUCTBYIOLIAs H:

MIOBEPXHOCTh, OFPaHUYMBAIOLIYI0 HEKOTOPBIA BbIAECIEHHBIH 00beM, Oblila HalpaBieHa BHYTPb 3TOIC
o0beMa Mpu CTaHJApTHOM BBIOOpE BHEIIHEH K MOBEepXHOCTH HOpMaiu. [Ipu 3ToM ynoOHO cuuTati

KO3 PUITUEHT POTIOPIIMOHATIBHOCTH p(Xs,t) MOJIOKUTEIBHON BETUYNHOM.

B Oonee cnoXHBIX Ciy4dasx MPUMEHSIOTCS MOJEIHM, B KOTOPBIX CHJIA, JCHCTBYIOMIAs H:
AJIEMEHTapHYI0 TOBEPXHOCTh, MMEET KacaTeJIbHbIC COCTABIIAIONINE, OOBIYHO MPOMOPIIMOHAIBHBIE
CKOPOCTH.

5. YpaBHeHUs IBUKEHHS CIJIOIIHOM Cpeabl

B ocHOBy ommcaHusi CIUIONTHOW Cpenbl OOBIYHO KIIAAYyTCsl ompesencHHbie auddepeHInaIbHbI¢
YpaBHEHUS, CBS3BIBAIONINE €€ XapaKTEPUCTHKH, XOTS B HEKOTOPBIX CIy4asX, Hampumep, Tpr
OTHMCAHUH PA3PBIBHBIX T€UCHUH, A depeHITnaibHbIe COOTHOIICHUS HEMTPUMEHUMBI. B 3TUX cimyuasn
WCIOJIB3YIOT UHTErPAIbHBIE COOTHOIIICHHS.

OcHoBHble muddepeHIaibabple YPaBHEHHS, OMUCHIBAIONINE CBOMCTBA CIUIONTHOW Cpeibl, MOTY"
OBITh TIOJIYYCHBI W3 HMHTETPATHHBIX OAJAHCHBIX COOTHOIICHHWH 11 (DU3MYECKUX BEJIMYUH, €
xapakTepu3ytonux. [[pumeHneHne 6alaHCHBIX COOTHOIICHHH OKa3bIiBaeTcs 3P (EeKTUBHBIM JIHOO B TE?
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ClIy4asix, KOI/la M3BECTHBI JIOKAJIbHBIE 3aKOHBI COXPAaHEHHs PACCMATPUBAEMBIX BEJIMYUH, TAKHC
KaK 3aKOH COXpPaHEHMs] MacChl WJIM 3JIEKTPUYECKOTo 3apsja, JUOO B CUTyalusX, KOrJa YIaeTcs
YCTAHOBUTH 3aKOH MU3MEHEHUs pacCMATPUBAEMON BEJIUYMHBI, KaK I UMITYJIbCa WIN KHHETUYECKOI(
MOMEHTAa CUCTEMBI.

Takum oOpa3zoMm, paccMaTpuUBaeMble COOTHOIIEHUS TECHO CBSI3aHbBI C 3aKOHAMU COXPAHEHMS WIIL
TeopeMaMu 00 U3MEHEHUU ONpPEJIeIEHHBIX MEXaHUYECKUX, MEKTPUUECKUX WIIM TEPMOJAUHAMUYECKU?
BEJIMYMH M SBJIAIOTCS 0000IIEHHEM HX Ha Cciay4yall CHCTEMbl IEPEMEHHOI0 YHCIa YacTHI]
BO3HUKAIOIIKX MPU UCIOIb30BAaHUH IEPEMEHHBIX Diiiepa.

Paccmotpum mpocreiimne w3 Hux. HamomMHuM, 4TO mpH ONHMCaHUM B IEPEMEHHBIX Oilepa
BbIJIEJICHHBIH 00BEM CILJIOIIHOW cpeibl BHIOpAH BCIOJly HENOJBHKHBIM 10 OTHOIICHHIO K 3a/laHHOL
CHCTEME OTCUETA.

1. YpaBHeHMe HenmpepbIBHOCTH
PaccMoTpuM u3MEHEHHE Macchl B HEKOTOPOM BBIIEIEHHOM O00BbEME CIUIOIIHOM cpensl V

mnmpeamoaaras, 4Yro €€ 4YaCTullbl MOIr'yT CBO60)IHO IMPOHUKATb CKBO3b ITOBCPXHOCTH S

OTpaHUYHMBAIOIIYIO 3TOT 00beM. [lycTp T (Xk,t) - 33J]JaHHOE T0JI€ TUIOTHOCTH. Macca B BBIJIEIIEHHOM

o0beMe onpeeNnsieTcss HHTErpajioM

M =g (x.thv

W3MeHeHne Macchl, B CHIIy JIOKQJbHOTO 3aKOHA €€ COXPaHEHMs, MOTYT ObIThb BBI3BAHBI TOJIBK(
MIOTOKaMU MaccChl Yepe3 MOBEPXHOCTh S :

Y :?\J’de%
s

bamancHBIC COOTHOIICHUS JJIs1 MaCChl IIPUBOJAT K YPABHCHUIO!

1M =-1ly

It ,
KOTOPOE B JaHHOM CIIy4ae UMEET BUJ!

1. .
2 (% tlav =- ¢y vids,
fit, S .
Hcnome3yst teopemy Octporpajackoro-I'aycca, mNpaByr dYacThb OSTOTO BBIPAKEHHUS MOMKH(
mpeo0pa3oBaTh K HHTETPaLy M0 00BEMY, TaK UTO BBIPAKEHHUE MPUMET BH/I:
1. ( <
— 0 X ,t)d =- rvdv
it Vd O,

[TockonbKy MOJIydeHHOE COOTHOLIEHUE CIPABEUIMBO JUIs JIF0OOro 0ObeMa CIUIOUIHON Cpeabl, T. €
SIBJISICTCSI TOKJIECTBOM OTHOCHTEJIBHO V , TO TMOABIHTETPAIBHOE BBIPAKCHUE B JIEBOW U TPaBOL

YacTAX OSTON0 PpaBEHCTBA COBHAJAeT. OTO MPUBOAUT K YPAaBHEHUIO HEIPEPBIBHOCTU I
muddepeHnraibHol hopme:

1r +irvk =0

it X :

DTO COOTHOIIEHNE MOYKHO 3alKicaTh B BEKTOPHOU opMe:
ir T
—+ dlv(r v) =0
fit :
t_or
BekropHas BenuunHa | =V Ha3pIBA€TCS IMJIOTHOCTHIO MOTOKA MACCHI.
Eme onnHa pacnpoctpaHeHHas ¢opMa 3aluCU  CBsi3aHA C BBEJIEHUEM CYOCMAHYUATLHOL
d
V|

~ . ki v (i
npouseoonori  dt Tt X . Tlomsatme o cy6cTaHNManbEHOM NPOM3BOJHOM  CBA3AHO (¢

npeacraBieHueM o AuddepeHInpoBaHUN BIOJIb TPACKTOPUHU JABMXKEHHUS YaCTHUIBI U (aKTHYECKE
IpeaCcTaBIsieT coO0OM mepexol OT omnMucaHus Oiiepa k onucanuto Jlarpanxka. Mbr Oyzaew

mhtml: http://mwww.chizh2006.narod.ru/Part 1.mht 10/2/2005



http://www.chizh2006.narod.ru/Part_1.mht

BBEJIEHUE B MEXAHUKY CIIJIOIIHONM CPEJIbI Page 9 of 20

paccMarpuBaTh CyOCTaHIMAIBHYIO MPOU3BOJHYIO TOJBKO KaK HEKOTOpBIH nuddepeHranabHblk
orepaTop, ynporiaimui GopMy 3amucu ypaBHCHH.
Boimonnss auddepeHunpoBanyie BO BTOPOM CIaraéMom, IojIy4aem:

r r V,
L + V, L +r h =0
fit ™ ™.
BBons cyOcTanmanbHy0 TPOU3BOIHYIO, TIOTYUHM:
dir =-r M
dt X, .
B BekTopHO# (hopMe 3TO COOTHOIIIEHNE UMEET BH/I:
dr r
—=-rdivv
dt :
Ecnu paccMaTpuBaeMasl CIUIOIIHAs Cpeia sBISETCs HeckuMmaeMmoil, T.e. divi=0, To m
da _
ypaBHEHHUs HEMPEPBIBHOCTH CIIEIYET, 9YTO (it , T.€. BIOJIb JIFOOOW JINHUM TOKA TUIOTHOCTH CPEeIh

ocraercs rnmocrtosauon =1,

2. YpaBHenus Jiljiepa
Heckonpko cnoxxknee momyuuth aud@epeHnnanbHble YPaBHEHHS, OINPEACIISIONINE N3MECHEHH(
HUMITyJIbCa CIUIOIIHOM cpeabl. Bocmomp3yeMcs i 3TOro TeopeMod 00 M3MEHEHHH HMITYJIhCE
CUCTEMbI, YUUTHIBAS, UYTO YUCIIO YACTHUL B HEM MOXKET U3MEHSTHCS.
BHOBb paccMOTpUM MBICIIEHHO BbIICJIEHHBIH 00beM V , MPOHULAEMBINA Ul YacTHI CIUIOLIHOY

Cpelbl, U OMpEAETUM UMITYJILC 3TOro oobema. [lockosbKy HMMITyNIbC 3€eMEeHTapHOro oobema dV
OIIPENEIACTCS YPABHEHUEM
dp. =dm»;, =rv >V
MIOJIHBIM UMITYJIBC BBIIEJIEHHOI'O 00beMa OINPEEseTCs] HHTErPajloM:
R=gvdv
\Y

W3MeHeHne uMmIylibca B 3TOM OOBEME BBI3BAHO JIBYMSI HE3aBHUCHUMbIMHU (hakTopamu. YacTUdHC
U3MEHEHHE UMIIYJIbCa B BBIJCIEHHOM O00BEME OOYCIIOBIEHO IIEPEHOCOM €ro 4YacTUIAMH
NepeceKarouMy Irpanuy oobeMa. [loTok ummysbca yepes3 rpaHuIly ONpeaessieTCs] BRIPaKEHUEM:

I[P =- @jvivde(
S .

Jlpyras 4acTb M3MEHEHUS UMIIYJbCa BBIACIIEHHOTO OObeMa BbI3BAHA NMPUIOKEHHBIMU K HEM)
BHEITHUMH CUJIAMU U OIPENENseTCs] COOTBETCTBYIOUICH TEOpEeMOil TUHAMUKU CUCTEMbI YaCTHII. IJT(
MPUBOJUT K CIEYIOIIEMY YpPaBHEHHUIO, YYMTBHIBAIOLIEMY JEHCTBUE KaKk OOBEMHBIX, TaK
ITOBEPXHOCTHBIX CHIL:

&:%Tt(‘jvidv =17+ §f AV + s,
\ Y, S .

[ToacraBnss Cro/la BEIpa)KEHUE I ITOTOKA UMITYJIbCa Yepe3 IPaHully, IOJYyYUM BBIPAKEHUE IS
CKOPOCTH M3MEHEHHUS UMITyJIbCa pacCMaTpUBaEeMOro oobema:

:IIt(‘j’\/idV = - ¢y Vs, + BV + s,
\% S \% S .

[lepexons, ¢ momoiisto Teopembl OcTporpaackoro-I'aycca, OT HHTErpUPOBAHUSI IO MOBEPXHOCTE
K MHTETPUPOBAHUIO 10 00bEMY, MOITYYUM OKOHYATEIBHO!

T . ~ rvv) . Jp
—cyvav =- 2 dV + Bf.dV + ok dV
19 O g 1O T Og T

B cuny npousBosibHOCTH 00beMa WHTErPUPOBAHHUS, MOXXKHO NepelTu K auddepeHnranibHOMY
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YPaBHEHUIO, OMPEACIIAIONIEMY U3MEHEHNE UMITYJIHCA CTUIONTHOM CPEIbI:

T+ )= 1+ P

fit X, X,

Jiis uneansHoi skuakocth Py = - Pdy o10 ypasHenue npunumaet BUx
)l )l _¢_Tp
—(rv)+_——=(rvy)="f -
ﬂt ( |) ﬂxk ( i k) i ﬂx, .

Y Ha3bIBaeTCs ypaBHEHHUEM Diijiepa.
Hcnonp3oBanne cyOCTaHIMAIBHON MPOW3BOMHONW TO3BOJISIET 3alMcaTh YPaBHEHHWE B BEKTOPHOL

dhopme
r
%(9\;)+9\5div6 = f - gradp

KOTOPYIO MOKHO YIIPOCTUTh, YUUThIBAs YPABHEHUE HEPEPHIBHOCTH

dv [
—=f - grad
at gradp

BwmecTe ¢ ypaBHEHHEM HENPEPBIBHOCTH 3TO YPABHEHHUE COCTABISET OCHOBY OIMCAHUS MICATbHOY
CIUIOLIHOM CpEeJbI.

6. DJ1eMeHThI TePMOAUHAMMKHI

VYpaBHEeHHE HENPEPHIBHOCTH W YpPaBHEHHE OMiiepa MO3BOJIAIOT OMPEIEIUTh I0JIE CKOPOCTEH M
10J1€ MJIOTHOCTH JIJIsl CUCTEMBI, B KOTOPOU 3a/1aHO I0JIe TaBJICHHUM U moJjie MaccoBbIX cuil. OHaKo B
OOBIYHOM MMOCTAaHOBKE 3a/ay Ioje JaBjieHuid He 3agaHo. s GopMyIHpOBKHU 3a7ad O JBUKEHHUU
CIUIOIIHOM cpeibl B ATOM Cily4ae HEOOXOIUMBI JOMOJIHUTEIbHBIE COOTHOLIEHUS, CBSI3bIBAIOIIME
JaBJICHHUE, IUIOTHOCTh M CKOPOCThb. Takue COOTHOIIEHHUS MOTYT ObITh MOJY4YeHbl B paMKax
TepMOJAMHAMHUKH. HarlOMHEM OCHOBHBIC CBOMCTBa KJIACCHYECKUX TepMoauHamuueckux cucrem (T/]
CHCTEM).

XapaKkTepUCTUKU Teja OIPEAENsSIOTCS COBOKYIMHOCTBIO MEXaHMYECKUX BEJIMYMH, TaKUX Kak
Macca, IUIOTHOCTh, 0OBEM, [IOJHAs SHEprus, [JaBjleHHE, a TakkKe CcleuuuyecKux
TEPMOJMHAMHYECKUX BEJIUYMH, OIPEIEISIIOIIMX IapaMeTphl TEIJIOBOIO JBMKEHHUS, TaKUX Kak
Temneparypa. TepMoIuHAMUYECKHE XapaKTEPUCTHUKH MOTYT OBITh MCIIONb30BaHbl TOJBKO IS
CUCTEM, HAXOSIINXCS B TEPMOIMHAMUYECKOM PaBHOBECHH.

CocTtosiHe 0JJTHOPOJIHOM cUCTEMBI IpH 3aaHHOM uncie yacTul, N = const onpenensercs
TEPMOJUHAMHYECKUMHU [IEPEMEHHBIMU — JaBJIEHUEM, 00beMOM U TemmnepaTtypoii - p, V, T . Ces3b
MEX/1y 3TUMHU IEPEMEHHBIMU OIPEJIENSIETCS] CBOMCTBAMHU paccCMaTPUBAEMOI'0 BELIECTBA U 33]1a€TCsl
mepmuiecKum ypasHenuem.

p=p(V.T.N).
Jns mpeanpbHOrO raza TEPMUYECKUM YpaBHEHUEM sIBJIsieTcsl ypaBHeHue Knaneiipona-Menzaeneesa:

P m RV :

IlepBoe HaYa/10 TEPMOAUHAMMKH

OpHOM 13 OCHOBHBIX XapaKTEPUCTUK CHUCTEMbI YaCTHII sABJIsAE€TCS ee dHeprus. [lonHas sHeprus
MOJICKYJI, BKITFOYAIOIIAst SHEPTHI0 Xa0TUYECKOTO (TEIIOBOT0) ABMKECHUSI MOJICKYJI U SHEPTUIO X
B3aUMOJICVCTBUS B PACCMaTPUBAEMOM CUCTEME OTCUETA, YCPEIHEHHAs 3a BPEMS U3MEPEHHS,
Ha3bIBAECTCS] BHYTPEHHEW dHEprue. BHyTpeHHsIs S3HEPrusl TEPMOJAMHAMUYECKON CUCTEMBI SIBIISIETCS
¢byskueit coctosHud. HanoMHuM, 4To 1715 M1€aabHOr0 0OJHOATOMHOTI'O Ta3a BHYTPEHHSSI SHEPrus
OIIPENEIAETCS COOTHOLICHUEM

E=3Mgr

2 p
Bo3snelictBue Ha T/] cuctemy BHEIIHUX T€J YCIOBHO MOAPA3AEIACTCS HA MEXaHUYECKOE,
BbI3bIBaoIIee AeopMmanun (M3MEHEHHE 00beMa), U TEIIOBOE, KOTOPOE MOXKET U3MEHSTh COCTOSTHUE
cucteMbl 0e3 nedopManuil.
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HpI/I MCEXAaHNUYCCKOM BOSHGI\/IICTBI/II/I N3MCHCHHUC BHYTpeHHeI\/II OHEPTHUH CUCTEMBI OIIPCACTIACTCA
COBEPIIICHHOM €10 MEXaHW4YeCKOU paboToil. BemnyrHa TemioBOro BO31€MCTBUS OMPEIEseTCs
KOJIMYECTBOM dHEPruu, IepejaBaeMoi CUCTEME B Ipoliecce TeIuIonepeiaun, 1 u3Mepsercs
KOJIMYECTBOM TCIUIOTHI. CYMMapHOG HU3MCHCHUEC BHYTpeHHGI\/’I OHEPTHUH BO BCEX IIpoHecCax

DE=Q- A.

KonudecTBo TEIIOTH 1 MeXaHWYECKast paboTa, COBEPIIICHHAs! CUCTEMOM TIPU MEPEX0JIe U3
Ha4vaJIbHOI'O COCTOAHUS B KOHEYHOC, 3aBUCAT KaK OT 3TUX COCTO?[HI/II\/’I, TaK U OT XapaKTEpa rnepexoaa.
To €CTh, OHH HEC ABJIAIOTCSA (bYHKIII/IﬂMI/I Ha4YaJIbHOTO M KOHEYHOT'O COCTOSTHUM paCCManI/IBaeMOI\/’I
CHUCTCMBI.

Tennonepenaya 0OBIYHO COMPOBOKAACTCS H3MEHEHHEM TEMIIEPaTyphl cucTeMbl. Eciin n3menenue
TEMIIepaTypbl IPH TEILIONEPEIade MPONOPILUOHAIBHO KOJIUYECTBY TEIUIOTHI, TOJYy4YEHHOW CUCTEMON

dQ ~dT,

YTO OOBIYHO OBIBAET B cJ1ydac MajbIX N3MCHCHHI B CHCTEME

dQ<<E,

TO KOA(G(UIUEHT MPONOPLUUOHAIIBHOCTH, 3aBUCALIMI Kak OT BEILIECTBa, TaK M OT XapaKTep:
paccMaTpuBaeMoro Mporecca, Ha3bIBaeTCsl TEMIIOEMKOCTBIO:
dQ=CdT.
3/1ech UHAEKC YKa3bIBA€T XapaKTep Mpoliecca: U300apHblil, U30XOPHBIN U T.JI.
B oOmem ciydae TEmI0eMKOCTb MPOLiecca 3aBUCUT OT HAYaJIbHOTO COCTOSIHMS cucTeMmbl. Eciy
MeXxaHu4yecKkas paboTa CUCTEMOM HE COBEPIIAETCS, TO KOJIMYECTBO TEIUIOTHI, MOIYYEHHOE CUCTEMOI
pPaBHO M3MEHEHHUIO €€ BHYTPEHHEN SHEepruu, KoTopas siBiseTcs (QyHKUUEH ee TepMOIMHAMUYECKU?

[apaMeTpoB, HAIIPUMEp, TEMIIEPATyphl 1 00beMa E = E(v,T
dQ =de(v,T).
Majioe W3MeHeHHEe BHYTPEHHEH OHEPIUM CHCTEMbI B OTOM Cjydae MPUBOAUT K MAJIOMY
M3MEHEHMIO ee TemmnepaTypbl. Kosgduument nponopuuonansroctn G, =C,(V,T) & s1om CITydac

HA3BIBAETCA TEIUIOEMKOCTBIO NP MHOCTOSHHOM o0beme, T.Kk. OA=pdV =0, u s3aBucur o

TeMIeparypsl U oobema. 3amanne E = E(V,T) nasbisaercs Kaiopuueckum ypasHeHuem:

3ajaHue TEPMHUYECKOIO0 M KaJOPUYECKOTO YPAaBHEHUU TOJHOCTBIO OIpEAENsieT MOJENt
paccMaTpuBaeMoro BeIEeCTBa.
HNpeanbublii ra3
OpHOM W3 MpoCTEHIINX COAEpKATEIbHBIX MOJEJEH SBJSIETCSl MOJENb HjeanbHOro rasza. [l
Macchl M UAEATBHOIO OJHOATOMHOTO T'a3a TEINIOEMKOCTh U30XOPHOT0 IIpoLecca
3m

C,=-"R

2m

TennoeMkocTh M300apHOrO Ipolecca TaKOro ras3a CBs3aHAa C HM30XOPHOH TEIIOEMKOCTBK
COOTHOILIIEHNEM Maitepa:

m
C,=C +—=R
m .
Bgoist orHouIenue Teroemkocteii § = C, / C, , coorHouIeHNne Maiiepa MOXKHO 3aIHCaTh B BUJIE
m
—R=C,(g-1)
m .

Y100HOH MOJEIbI0 I OBICTPO MPOTEKAIOIIUX MEXaHHMYECKHUX OOpATUMBIX IMPOIECCOB, KOT/It
TEIUIOOOMEHOM MOJKHO TIpeHeOpeub, sBIseTCs aauadaTHdyeckoe MpUOIMmKeHne. TemioeMKOCTt
CUCTEMbl B TaKOM IIpoliecce€ paBHA Hym0. Mcronb3ys IepBoe Hadajlo TEPMOJMHAMUKU I
muddepeHnrnaibHOl GopMme, MOJyYdM YpaBHEHHE, CBS3bIBAIOLIEE JaBJICHHE U OOBEM B 3TOM
npouecce — ypaBHeHue Ilyaccona.

[Ipu ManbIX U3MEHEHUsAX 00beMa CUCTEMBI dJIEMEHTapHask padoTa MPONOPLHOHATbHA U3MEHEHUK
o0bemMa, a KO3)QUIMEHT MNPONOPLUHOHAIBHOCTH OINpPEAETSeTCS TEPMUYECKUM YpaBHEHHUEM
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coCTOSHHUI P = p(V,T), TaK 4TO MEPBOE HAYAIO TEPMOJMHAMHUKHA MOKET OBITh MPEICTABIICHO I

mudpdepeHunaibHOl (GopMe, NMPUYEM BCE BEJIMYMHBI, BXOJAILIME B IMPABYI0 YacTh YPaBHEHUS
SBIIAIOTCA (PYHKUMUSAMH COCTOSHUS:

dQ =dE + pdV .
Jlns uneansnoro raza dE =C,dT. C yderom Tepmmueckoro ypasaemms P =C, (9' 1)T/V

IEPBOC HAYAJIO TCPMOAWHAMUKU IJIA a)II/Ia6aTI/I‘-ICCKI/IX IMpoHEeCCOB NPUBOJUT K YPaBHCHHIO
T
C,dT +C, (g- 1)\7dv =0

Ecim  mepexoq W3 HAYAIBHOTO COCTOSSHHST B KOHEYHOE MOXHO paccMaTpuBaTh —Kak
MOCJIE0BATEIBHOCTh MPOMEKYTOUYHBIX KBAa3HMPAaBHOBECHBIX COCTOSIHUM, TO JuddepeHInaibHo¢
COOTHOIIICHHE JIOITYCKAET HHTETPHUPOBAHUE:

TV ¢ =const-
YYuTBIBasS TEPMHUYECKOE YpPaBHEHHE, OTCIOAA JIETKO IMMOJIYYUTh 3aBUCUMOCTH JABJICHHUS OT OOBEM:
cucteMsl — aauabdary [lyaccoHa, ONMMCHIBAOIIYI0 00paTUMBIE MTPOIIECCH O€3 TeIIoNepeIavHn

— g
pv) = po(v/ Vo).
3neck Py,V, - napaMeTpbl HA4YaJIbHOI'O COCTOSIHUSL CUCTEMBI.

YpaBHeHHsI TEPMOJUHAMMKH B NlepeMEeHHbIX CILIONIHOM cpe/ibl

[Ipu wCMOAB30BaHUM TEPMOJAMHAMUYECKUX YPaBHEHUW IS OMNHCAHHUS Ta30IMHAMHYECKU>
MPOIIECCOB YacTO OBIBaeT yJAOOHO BBECTH B YpPaBHEHHUS IUIOTHOCTH CPEIbl, MCKIIOYUB OOBEM (
MOMOIIBIO YpaBHEeHUST M =TV . BBoas yAe/IbHBIC BEIMIUHBI C ITOMOIIBIO COOTHOIIICHHU:

E=me Q=mg C, =mc, R=nr, ¢ =R/m,
TepMI/I‘IeCKOC 158 KaJ'IOpI/IT-I€CKOG ypaBHeHl/Ifl JJId U€aJIbHOI'0O ra3a MOKHO 3aIliicaThk B BUJIC.
p=rrT e=q,T.

Ileppoe Hayano TEPMOAMHAMHUKUA [UJIA YJEIbHBIX BEJIMYMH B 3TOM CJIydae NPEACTaBIACTCS
YPaBHCHUEM:

6q =de - %dg
o :

VYpaBuenue oOpatumoit aanadatsl [lyaccona B 3TUX mepeMEeHHBIX UMEET BUJL!
— 9
p - pO (r /r 0) ’

rac pO’ r o ~ AaBJICHUC U MIJIOTHOCTHL I'a3a B HAYaJIbHOM COCTOSTHUU.

Outponusi T/l cucTeMbl H BTOPoEe HAYAJI0 TEPMOJIUHAMUKH

HuddepenunanbHas ¢GopMa MepBOro Hayajla TEPMOJUHAMUKHU TO3BOJISIET BBECTU JUISI ONHUCAHUS
[IPOLIECCOB TeIUIONEepeiayl (YHKIHIO TEPMOJMHAMUYECKOTO COCTOSIHUS CHUCTEMBlI - DHTPOIUIO I
COOTBETCTBUU C YPABHEHHEM

dQ = Tds.

JUig upeanbHOro rasa 3TO YTBEpXKJeHue (GopMalibHO cieayeT u3 AuddepeHuuasbHol (opMb
MEPBOr0 Hayayia Mpu y4eTe TEPMUYECKOr0 U KAIOPUUECKOTO YPABHEHUIA:

dQ = C,dT + pdV
-
= -1)—
p=C(9- 1)
, Tp
r I

MOET ObITh (yHKIMeH cocrossHus. OAHAKO, MOJAENMB JIEBYI0 M INPaBYI0 YacThb YPAaBHEHUS Hi
TEMIIEpaTypy, MbI II0Jy4YUM PAaBEHCTBO:

rne C, =const,

A%
[Tockonbky 9V

» To dQ He sBisieTcs MOTHBIM U (HEpPeHIINATIOM U, CIEI0BATEIBHO, H
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T g T80
VET g TTEV

KOTOpO€ SBJIIETCS HEOOXOJIMMBIM M JIOCTATOYHBIM YCIIOBUEM TOIO, YTO BBIPAXKEHHUE SBIISETCS
MOJHBIM U depeHIaIoM:

ds-d?Q =dg(T, v)

Takum oOpa3oM, [UId HJIEAJIBHOIO Ta3a CyIIECTBYEeT (DYHKLHUS COCTOSIHMA - DHTPOIUS
OIKCHIBAIOIAsl TEMJIOOOMEH IpHU KBa3WpaBHOBECHBIX Ipoueccax. MHTerpupoBaHue MNPUBOIUT I
SIBHOMY BBIPQ)KEHUIO ISl HEe:

_1 e
TV 70 /
S(T.V)= C\,Iné — zzmcvlnpipog
V 2 (r I o) .
3/1ech KOHCTaHTa UHTETPUPOBaHUs BbIOpaHa paBHOM HYIIIO.
Otcrofa BeIpaykeHHE U1 YAEIbHONU SHTPOIIUH UJIEATIbHOIO rasa:

P/ Py
(r/ro)

VYTBepKIEeHHE O TOM, YTO TEMIIeparypa s JII0OOW CHCTEMBI, & HE TOJIBKO JIJIsl HICATbHOTO Ta3:
ABJIACTCA UHTCTPUPYIOIIHUM MHOKHWUTCIIEM, HAa3bIBA€TCA BTOPLIM HAYaJIOM TCPMOANHAMUKU, KOTOPOC I
dhopmynupoBke Kapareogopu riacur:

"BOnu3u 51000ro TEPMHYECKH PABHOBECHOTO COCTOSHUSI CHUCTEMBI CYLIECTBYET JIPYIoO¢
COCTOSIHME, KaK yroJHO MaJ0 OTIMYAIOIIeecs OT IMEPBOro, KOTOPOE HE MOMKET OBITh JTOCTUTHYTC
MmyTeM aauabdaTUdeckoro mepexoaa’. MoKHO MOKa3aTh, YTO OHO SKBUBAJIEHTHO 00Jiee MPUBBIYHOL
dbopmynupoBke Kitaysnyca o HEOOpaTUMOCTH CaMOIPOM3BOJBHOTO TEpeXoja TEIUIOThI OT OoJet
HArpeToro Teja K MeHee HarpeToMy 0e3 Kakux-i0o Ipyrux U3MEHEHU B HEPaBHOBECHOM CHUCTEME.

Kak cienyer u3 ompenencHusi, B aauadaTiuuecknx (M KBa3UPaBHOBECHBIX) MPOIECCAX IHTPOITHS
COXpaHSETCH.

BBenieHne 3HTpoNMyU MO3BOJISIET ¢ MOMOILBIO BTOPOro Havyaia ONpeaesINTh BHYTPEHHIOK YHEPTHUIO
KaK (bYHKIII/IIO ABYX IICPEMCHHBIX — SOHTPOIIMHU U JaBJICHUS.

de:Tds+é%dg

s=c¢,In

)41 yCTaHOBI/ITB CBA3b MG)K)Iy pa3J'[I/I‘-IHBIMI/I TepMO)II/IHaMI/I‘-IGCKI/IMI/I HepeMeHHHMI/I C TIIOMOIIIBK
COOTHOILIEHUM

T = ae’ﬂeo _zﬂo

éls g, gﬂ@ @ .
B m3sHTpommifHBIX mpomeccax mpu S =S, =CONSt e = 8(9, So) = 8(9) , 4TO W Omnpeaense

3aBUCUMOCTEL P = D(Q) , HEOOXOIUMYIO B YPABHCHHSIX JIBIKCHHUSI CTUIOITHON CPEBI.

TepMO)II/IHaMI/I‘IeCKI/Ie NMOTCHIIMAJIBI. 3HTaJ1bl'lI/Iﬂ.
O'—ICHB YHO6HO B MCXAHHKEC CHJ'IOIHHOﬁ CpCHBI HNUCITIOJB30BAHUC )prroro TCpMOHI/IHaMI/ILICCKOF(
MOTEHI[MAJIa — SHTAJIBIINH, ONIPEAEIIIEMON YPABHEHNUEM
w=e+plg,

Huddepennuan sHTANBINH, KaK CIEAYEeT U3 BTOPOrO Havana, UMEET BHI:
dw =Tds +dp/g,
Tak 9yTo W =W(S,Q).

B wm3sHTpommiinbix mpoueccax AW =dp/e | uyro mnosBonmser 3ammchiBaTH NPaBYIO HACTH

ypaBHEHUs Diljiepa B KOMITAKTHOUM opmMe, yA0OHOM JJIst JaIbHEHIIIET0 aHAIN3a.
HepaBHoBecHbI€ MPOLECCHI M POCT IHTPOINMH.
B HepaBHOBECHO# M30JMPOBAHHON CHUCTEME JIBYX T€J, OYCHB CI1a00 B3aMMOJICHCTBYIOIMUX MEXKT)
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co00i1, MOKHO ONpENEeNUTh TEMIlEpaTypy Kaxkaoro u3 tei. IlycTe Temmeparypa mepBOro Tell:
BBIIIIC! . Paccmotpum miportiece TertooOMeHa, mosaras, 4To Apyrux U3MEHEHHI B CHCTEME HET

Torpa HampaBiCHHE TEIUIONEPEIaYl OIMPEICICHO BTOPHIM HA4yaaoM TepMOAMHAMHUKU (B (opmc
dSl = d_Q
Knaysuyca). [Ipu 3TOM 3HTPOIHUS TEPBOrO TEJia YMEHBINACTCS HA BEINYHHY T, , a BTOpOTO
_dQ
yBEITUYMBACTCA Ha T, . Tlockonbky dS, >dS, SHTpOIKS TaKO CUCTEMBI PACTET B MPOIECCE

YCTaHOBJICHUSI TEPMOJAMHAMUYECKOro paBHOBecusi. O000mias 3TO YTBEp)KIEHHE Ha JIIOOBI¢
HEpaBHOBECHBIC TPOIIECCHI, MOXKHO YTBEPKIATh, YTO BO BCEX CIydasX YCTAaHOBJICHHS PAaBHOBECHS I
TEPMOJIMHAMHYECKOW CHUCTEME DHTPOIUS YBEIMYMBACTCA. B  YacTHOCTH, W3MEHEHHS I
amuabarmdeckoi cucremMe dQ =0 MOryT MATH JIMIIb B HAIpaBICHUH POCTA DHTPOIHMH DS > (),

COCTOsIHMC paBHOBCCH: OIIPCACIIACTCA YCIIOBUCM S = max -

3amMeuyaHnue.
MBI paCCMOTpI/IM aaJie€ HE TOJIBKO KBa3I/IpaBHOBeCHBIe Hpoueccm. JIBI/I)KGHI/IG ra3da MOIKE”
CONPOBOX/AATHCSI BOSHUKHOBEHUEM yIAPHOM BOJIHBI, B KOTOPOM SHTPOIUS CUCTEMBI BO3PACTAET.
OpHako BHaYalie IIEJIECOO0Pa3HO PACCMOTPETh NPOCTEHINNE TPOIECCHl — HW3IHTPOIMUHHO
IBUXCHHC I/I)IeaJ'IBHOI\/II KUIKOCTH.

Ilomoku mepmoduuamuuecxux eéenuuun. banancuovie coomuoweHuA.

6. BapoTponHoe ABUKeHNE U1€ATbHOM KUIKOCTH

B o0miem cirydae miIoTHOCTB cpejibl sBsieTcsl GQyHKIUEH TeMneparypbl U JaBieHus: I =T (p,T) .

Takue IMPOLCCChl HAa3bIBAIOTCA 6apOKJ'II/IHHI)IMI/I. Ecmm AOIMOJHHUTCIBHBIC YCJIOBUA, HAIPpUMCED,
a)II/Ia6aTI/I‘-IHOCTB ABWXCHUA, ITO3BOJIAIOT YCTAHOBUTH 3aBUCUMOCTD IINIOTHOCTH TOJIBKO KaK (bYHKIII/II/I

gapjeHus I =r (p) , TO TIPOTIECCHI SABJISIFOTCSL 0APOTPOITHBIMH.

Cucrema ypaBHEHUM UJI€ATTHHOUN CPEIbI
d Lor
_Q + Q(N >V)

=0
dt
dv L
L =pf-N
e ~ef-Np

C 3aJaHHOM 3aBUCUMOCTBIO Q = e(p) o0Opa3yer CUCTeMY U3 IIATH YPaBHEHUI [ MISITU BEJTUYMH, YTO

MI03BOJIET OJHOCTHIO PEHIUTh 3ajady. OHaKo yrajarh TEPMOJMHAMHYECKHUE MTPOLIECCH] B KayKI 01
TOYKE CIUIOIIHOM CPeJlbl YAETCs JIMIIb B UCKIIOUNTEIBHBIX Ciiydasx. K TakuM cirydasiMm OTHOCUTCSA
oOpaTuMbIil anuabaTHyecKuil MpoLecc, yHOMSIHYThIH Bbllle. B yacTHOCTH, /U1 MOJIETHN U1€aIbHOIO

rasa 3aBHCHMOCTb omnpeseisiercs aaquabaroii [Tyaccona p(Q) = Po (Q / Qo)Y ,rne Y=C,/Cy |

Ecnmn B HEKOTOpHI HadalbHBIA MOMEHT BpPEMEHH DSHTPOMNHUS OJMHAKOBA BO BCEX TOYKa»
CIUIOITHOM CpeJbl, TO YCJIOBHUE aaua0aTUYHOCTU JBWIKEHUS KUIKOCTH MOXXHO MPOCTO 3amucaTh I
BUJIE § = const - TaKkoe IBUKEHUE HA3bIBAIOT U3IHMPONUYECKUM.

CYIHGCTBGHHO, 4TO B IMPABYIO 4aCTb ypaBHeHI/II\/’I JABUKCHUSA I/I)IeaJ'IBHOI\/’I KHUOKOCTHU BMECTO IICCTY

HEW3BECTHBIX TMOJIEBBIX (PYHKITUI Pij (r, t) OyZeT BXOJIWUTHb BCErO OAHA (PyHKIIHSA p(r, t) , TaK 9T(

yYpaBHEHUS IBMXKCHHS MJICATLHON JKUIKOCTH, HAa3bIBAEMbIC YPAaBHCHUSAMH Diiiepa, NPUHUMAIOT BHU]
(B TeH30pHBIX 0003HAYCHHSIX)

X (28
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win (B BEKTOPHO# opme)
dv -
r—=rf- Np ,
dt : (29
JIBHIKEHUS MIEaTbHOM KHUIKOCTH, P KOTOPBIX €€ IFIOTHOCTH MOYKHO pacCMaTPHBATh TOJIBKO Kar
(GYHKIUIO JaBieHHs, HA3BIBAIOT Oapomponnvimu T = F(p). Takoe ABMKCHHE MOXKHO OITHCATI

CHCTEMOM U3 MATH ypaBHEHHit - (29), (24) u ypaBHEHUS, BRIPAXKAIOIIETO OAPOTPOIHOCTh JIBHIKCHHUS
win ypaBHeHusi (27), Tak Kak OapOTpPOIHOCTh PEATU3YeTCS U TPH OOIIEM UZIHMPONUUECKOM
JBMKCHUU UICATBHON JKUIKOCTH.
WN3meHenne  ynenpbHOM  BHYTPEHHEHW  DHEPIrUM  ONPENENsIeTCs  TEPMOJUHAMUYECKHM

ypaBHEHUEM TeIUIONPoBOIHOCTH (1-if 3aKOH TEPMOAMHAMUKH)

de ds _dv ds v,

—=T—-p—=T—- pr —

dt dt dt st . (30)
Ecmu k cucreme ypasuenuit (29), (27), (24), (30) nobaButh mepmuueckoe ypaenenue COCTOSIHHS

p= p(r, T) U Kaiopuyeckoe ypaeHenue, € = e(r, T) , TO MBI TaKXe TIOJlydHM CHCTEMY ypPaBHCHUI

OIMMCBIBAIOIIYIO U3IHmMponudecKkue ABUKCHUA I/I)IeaJ'IBHOI\/II KUJIKOCTH. HpI/I HU33HTPOIMUYCCKON
JABMKCHUU Hneaanoﬁ KHUAKOCTHU

dw = Vdp, (31
1
r1e W - YAeNbHas SHTAJBIH )KUAKOCTH, | - yIenbHbIil 00beM, U TI03TOMY
- N
Nw = P
r, (32

YpaBuenue Jiijiepa B popme I'pomexu-JIamoba
3anuiieM BEKTOPHOE YpaBHEHHE Disiepa i 0apOTPOITHOTO JBMKEHUS B BHUJIE TaK HA3BIBAEMOT(
ypaBHeHus B popme ['pomexn-JIrmba. Mcnonb3yem cooTHOIICHHE:

av v .

E—ﬁ+(v><N)v, 33
U CJICIYIOIINE JICTKO IPOBEPsieMbIe PaBEHCTBA

oy e VP - 1 )
(vxN)v = N? - [v N xv]] = Egradv - [vxrotv]. 4

PaccMOTpuM cilydail HOTeHIMAaNbHOM BHemHe cubl, Tak 9to f = - NU . IToacrasmuss (33) u (34) 1
(29), nomyunm

v

it

371eCh MbI TAKXKE UCIIOIb30BAIN CoOTHOIEHne MOtV = 2W |

2 3y
+2[wxv]:-|§|%+w+u%° NP -

7. AuTerpasibl ypaBHeHHH ABUKEHHUS W1€ATbHOM KUIKOCTH
Hurerpan bepnyin

PaCCMOTpI/IM CTallMOHApHOC TCYCHHUC I/meaanoﬁ KHUAKOCTH. Cmal/;MOHaprlM nir
ycmaHoeusuiumca TCUYCHHUEM HA3bIBAIOT TAaKO€ ABWIKCHUC, IIPpU KOTOpPOM B Ka)K)IOI\/'I TOYK(
MMPOCTPAaHCTBA, 3allOJIHCHHOTO XHIKOCTBIO, IIOJIC CKOpOCTeI\/II IMOCTOAHHO BO BpPEMCHHU, TaK YT(

v
2 =0
It
YMHO)UM ypaBHeHue Ditnepa B popme I'pomekn-JIamba Ha eAMHUYHBINA BEKTOP KacaTeJIbHOF

K JINHUY TOKA B KaXKJI0M ee Touke. Toraa, yduTeiBast 4To (1 X{W XV]) =0 , TOJTyYUM
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- P
(1xN)P = (1 xgrad P) ° P o

T
Orcroma creayer, 4To B CJlydae CTAaIllMOHAPHOTO W3YHTPOIUYECKOTO JBUKEHUS HICATbHOL

KHUIOKOCTH, H&XOH?[HIGﬁC?[ B II0JIC KOHCCPBATHBHBIX MACCOBBIX CHIJI, CKajJldpHasd BCINMYHH¢

VZ

P=—+w+U .
2 IIOCTOSIHHA BIOJIb KAXXKO0U JIMHUHU TOKA.

v2
7+W+U:COI’IS'[

3HavYeHNE const, BOOOIIE TOBOPSI, pa3IMYHO JJIsl Pa3HbIX JUHUM TOKa. [loydeHHOE COOTHOIICHHM

Ha3bIBACTCS unmezpaiom bepuynnu.

Ecnn yMHOXUTH ypaBHeHHE DJiliiepa CKaJspHO HA BEKTOP BUXPS, TO BHOBB IMOJIy4YHUM HHTErpal
bepHysum, KOTOpbI coxpaHseTcs Tenepb BAOJb JIMHUU BUXps. TakuM oOpazoMm, unterpan bepuyir
COXpPAaHSETCs Ha MOBEPXHOCTH, HATSIHYTOM HA JIMHUIO TOKA U BUXPS, IPOXOSIIYIO Yepe3 BRIOPaHHYK
JIMHUIO TOKA.

Hurterpan Komn

Paccmorpum  Temeph  0€3BUXpEBOE HM3IHTPONMUYECKOE JIBIDKEHHE HJICATbHONW KUIKOCTH
HaXOJSIIEHCA B II0JIE KOHCEPBATUBHBIX MACCOBBIX CHI. be3suxpesvim WIN NOMEHYUATbHbLY
Ha3bIBAIOT JIBM)KCHMS JKUJIKOCTH, IIPU KOTOPOM BO BCEM IIPOCTPAHCTBE 3aBUXPEHHOCTH PABHA HYJIO
T.C.

1
w=—rotv=0
2 .

[Tone ckopocTelt mpu MOTEHIIUATEHOM TEYCHUH MOXKET OBITh MPECTABICHO B BUJIE
v = NF ° gradF .

CxanspHas (pyHKLIUS KOOPAMHAT ¥ BpeMenn F (fr,'[) Ha3bIBAETCS MOTEHIIUAJIOM CKOPOCTH.

[ToxgcTaBuB 3TH BBIPAKEHHUS 111 CKOPOCTH U BUXPS B ypaBHeHI/Ie I'pomexu-JIrmba, nomyunm

[
Naeip+v_ Fw+U 2=

o}
[TosydyeHHOE ypaBHEHHE MOKHO IPOMHTETPUPOBATh!

F v (0

+—+w+U=f(t

Tt 2 ;
rae f(t) - IPOM3BOJIbHAS QYHKIUS BPEMEHU. DTOT UHTETpall Ha3bIBaeTcs unmezpanrom Kowu.

F

=0, f(t) = const
[lpu cranmoHapHoM nBWXEeHUH Tt

, U HHTCTpall Kommn MNepEeXoauT B (

nHTerpai beprymm
2

%
?+W+U:const

8. [IoTok 3Heprun uaeaJabHOM KUIKOCTH

OrpannuuMcst pacCCMOTPEHHEM ainabaTHBIX U3PHTPOMUUHBIX IMPOIECCOB

Teopema 00 U3MEHEHHH IHEPTUHU
YMHOXkas ypaBHEeHUE Diliepa CKaIsIpHO Ha BEKTOP CKOPOCTH, MOYKHO IOJIyYUTh YpaBHEHUE,
OIMMCBIBAIOIIUEC U3MEHCHUC TINIOTHOCTU SHCPTHUHU cpenm:
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JleBast yacThb ATOrO ypaBHEHUS IpeodpasyeTcs K BI/II[y'

Jav_ d@’d damvio vide 1@y ey vide
Mt %t 2gdt§252dt ﬂtézg 2 2dt

Jl1s mpeoOpa3oBaHMsl MOCIEIHEr0O CIIaraéMoro BOCIOJIb3yEMCs ypaBHEHHEM HEPEPBIBHOCTH

%%Le®31ﬁev GWL

B nrore neBas yactob ypaBHeHI/m IIPUHUMAET BI/I)I'
2

rdv 'ﬂ@v o G E) Lev” (IEI\;):
2

BOCIIOJIB3YEMCA MEPBBIM HaYaJIOM TCPMOJUHAMUKH

de dq p do

dt dt odt.

KOTOpPOE, C YYETOM YPABHCHUA HCIPECPHIBHOCTHU, MOKHO 3AIIUCATh B BUJIC.

de _dq , p(W)

dt dt Q
U3 sToro BBIPpAKCHUSA C yLIeTOM ypaBHeHl/Ifl HCIIPEPBIBHOCTH nonyqaeM
Lr L
p(W)= S - = lee) +eel)- 4 =1 (ee) +N(eel) -

Orcrona ans anuadatasix nponeccos @ =0 MomHOCTS CHIT OTpeenseTcs BHpaKeHHEM
rnos r r [ T[ E r
(Fr )= )p =- T ee) - N(ee + pY) -
it : (6)
PasenctBa (a), (0) u (B) NpUBOIAT K YPaBHEHHIO
avio . av’ 0 . r
- T+ div —\5.:-1(re)- div((re+ p)V)+(f <)
teg 2 4 2 g 1t
KOTOPOE MOYKHO PaccMaTpHBaTh, KaK ypaBHEHHE I U3MEHEHHUS IUIOTHOCTH SHEPIUH BEIIECTBA H
OIS

TTe
It 2

veo
g

3aece W =€ + P/ - mI0THOCT SHTANIBIHUH.

OTO BBIpAXKEHHWE MOXXHO IPOMHTETPUPOBATH 10 HEKOTOPOMY (PUKCHPOBAHHOMY O0BEMY
Ucnons3ys TeH30pHYIO OpMY 3aIHCH, TTIOTYyYUM

2 e
7. & 0
O &, tedV=-g 1V —+w-dV
It 2 g Oi .

[IpeoOpasyst uHTErpasi, CTOSIIMI crpaBa, C MoMolslo Teopembl Octporpanckoro-I'aycca, t
MHTErpall 10 MOBEPXHOCTH, OTPAHMYHUBAIOLIEH paccMaTpUBaeMblii 00bEM, MOJYYUM BBIpAKEHUE
KOTOPOE JIOIYCKaeT MPOCTYIO HHTepnpeTaumo'

2 2 e
7 . v a 0
— —+e—dV—-Uvi —— +wdS,
fit 2 2 g .

[TonpIHTErpanbHOE BBIPAXKEHUE CJIEBA MPEJCTABISIET COOON MIOTHOCTh SHEPTUU U OMPEEIISIETCs
CYMMOU BHYTpEHHEH SHEPIuH U KHHETHUECKON YHEPTrUM MaKPOCKOIIMYECKOTO JIBUKEHUS CPeIbl. ITC

BBIPAXKCHUC AHAJIOTHUYHO COOTBCTCTBYIOIIEMY BBIPAKCHHUIO B MEXAHHUKE CHUCTEMBI TOYCK, KOTOPOC
OIPEACIIACTCA 110 TCOPEME Kenura.
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[TonpIHTErpanbHOE BBIpaXXEHHE CIpaBa MPEJCTABISIET COOON MIOTHOCTh MOTOKA YHEPIHH CPEIb
yepe3 MOBEPXHOCTh, a TAaKXKE YYMUTHIBAET MOIIHOCTh IOBEPXHOCTHBIX CHJI, JECUCTBYIOUIMX Hi
CUCTEMY.
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9. BuxpeBoe IBH:KeHHE )KUTKOCTH
C nomompto ypaBHeHus Oiliepa B dopme I'pomexu-JIambGa MOXHO NOMYyUUTh ypaBHEHHE
JBIKEHUE BUXPS B 0ApOTPOITHOM Cpejie, MPUMEHSsI ONepaIiiuio rot K JEBOM M MPaBOM YaCTSIM:

o> r. r._
= +rotlw” v)=0
It

r 1 r
w =—rotv
2

rae -BUXPb CKOPOCTH.

I[J'ISI HGC)KI/IMaeMOI\/II cpenm JOOITOJIHUTECIBbHO BBIITOJIHACTCA COOTHOIIICHHUC
. 1
divv =0.
ECJ’[I/I \;\/ 1 O , TO IBUXKCHUC SIBIISACTCA BI/IXpeBHM, a HC IIOTCHIMAJIbHBIM.

COBOKYITHOCTh JKHUJIKMX YaCTHI[, COCTABJISIIOIINX BUXPh, KaK ObI OTAENCHA OT OCTAIBHOW YacTH
KHJKOCTH MOBEPXHOCTBIO pa3jieia. BeKTOpHOE 1OMIE ¢y MOMKHO M300pa3HTh C TIOMOMIBIO BUXPEBBIX

J'II/IHI/II\/'I, ypaBHeHI/Ie KOTOpHX HUMECT BI/I)I:
dx, _ dx, _ dx
w(t) wy(t) wyt).
CoBOKYMHOCTbh BUXPEBBIX JIMHUMN, HATSIHYTHIX Ha 3aMKHYTBIA KOHTYp C , OTpaHUYUBAIOLINI

BBIJICTICHHYIO 3JIEMEHTAPHYIO MIOBEPXHOCTh S, 00pa3yeT BUXPEBOii MIHYp (TpyOKy BUXpsI), 4TO
MO3BOJISET ONPEAEIUTh OTOK BUXPS MJIM €0 HHTEHCUBHOCTB!

N
F = gvdS
S .
[IpeoGpa3zys 310 BeIpaxkenue mo reopeme CTokca, MmoxydnuM:

r r r
F = vdS=2 ot ds =2 ¢ dS =G
S S C .

I
G= gy S
3nech c - IUPKYJSIAS BEKTOPA CKOPOCTH.
3ameuanue. Teopema CTOKCAa MPUMEHNMA JIHIIH B OJJHOCBSI3HON 00JIACTH, B KOTOPOH KOHTYP IyTeM
HEPEPBIBHOM JIeopMaIiii MOKET OBITh CTSIHYT B TOYKY. ECITH IBIKCHUE KHUIKOCTH TIPOMCXOIUT B
HEOTHOCBSI3HOU 00JIaCTH, TO TEUCHHE MOYKET XapaKTEPU30BATHCS OTIIMIHON OT HYJIS IIUPKYJISIUEH 1
B citydae rotv =0.

[Ipumepom Takoro ABUKEHUS ABJIAETCS O0TEKaHUE IIWINHPA JBYMEPHBIM TOTOKOM C LIUPKYJISILIUEH.
OTO0 MpUMep paccMaTpUBaeTCs Jajee.

Teopema Tomcona o coxpanenuu yupKyIayuu
[upkynsauust CKOPOCTH MO KOHTYPY, IPOBOJUMOMY Y€PE3 OJHU U TE€ K€ YACTHULIBI UCATbHON
KUIKOCTH, HE U3MEHAETCS C TeUEHUEM BpeMeHH C = CONSt, €CJINA MPOLIECCHI SBIISFOTCS

6apOTpOHHBIMI/I, a CHUJIbI IIOTCHIIMAJIbHBIMU.

Iloxazamenvcmeo
I I
—G=— ¢y =@9\5xd| +@5>«dﬂ
c odt c dt
[IpeoOpasyem nepBoe ciiaraeMoe B IPaBOi 4acTU C IOMOILbIO ypaBHEHUs Diliiepa
I I
@%Gml =-¢pradU +P)xdl =- gfU +P)=0
C C C .

Bropoe ciaraemoe Takxke oOpalaercs B HyJb, IOCKOJIbKY KOHTYp 00pa30BaH KUAKMMH 4aCTUL[AMU
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a9 =gy

u dt , TAK 9TO

! 2

gd = godi=g1 =0
c c c .

Teopemsbl I'esibMroJibua

Ilepeas meopema.

[ToTtok BuXpsi MO Bceil UIMHE BUXPEBOM TpPyOKH (MHTCHCHUBHOCTh BHUXpS) OJMHAKOB B JaHHBIN

MOMEHT BPEMEHH.

lloxazamenvcmeo

PaccMOTPUM KHMAKOCTB, 3aKJIKOYEHHYIO B TPYOKE BUXPS MEXKLY CEYEHHAMU S U S, B HEKOTOPBIN

MOMCHT BPEMCHHU U BBIYHUCJIMM IIOTOK BUXPA YCPE3 3aMKHYTYIO ITIOBEPXHOCTH, OTpaHUYHNBAIOIIY IO
3TOT 00BEM, BOCIIOJIb30BABIINCEH TeopeMoii ["aycca:

JoL oo Lo L r

QVAS = gvdS- gvdS = clivwdV =0

s S S, v .

r r
@Rms%@%ds:e
S

ITockompKy s , IOJIy4EeHHBINA PE3yJIbTAT O3HAYAET, YTO LIUPKYJISALHS BEKTOPA

CKOPOCTH B JIFOOOM C€YEHHH TPYOKHU, BBIUMCICHHAS B HEKOTOPBIM MOMEHT BPEMEHH, OCTaeTCs
ITOCTOSTHHOM:
G =G =const .
Otcroza cienyer, 4To BUXpeBast TpyOKa MOXKET ObITh JINOO 3aMKHYTOI, 00pa3ys BUXpEBbIE
KOJIbIIA, TM00 ONUPATHCS HA TPAHUIIBI JKUJIKOCTH.
Bmopasa meopema
Ecnu BHelnIHue cuiibl OTEHLIUANbHBI, TO KHJIKasi Macca, COCTaBJISIIOIIAsl BUXPEBYIO TPYOKY B KaKOM-
TO MOMEHT BPEMEHH, COXpaHseTcs B (hopMe BUXPEBOM TPyOKH U BO BCE MOCIIEAYIOLIHE MOMEHTHI
BPEMEHH.
Jlokazamenbcmeo
JIro60#t KOHTYp, 00pa30BaHHBIN YaCTUIIAMU XKUAKOCTU Ha MIOBEPXHOCTH BUXPEBOU TPYyOKH,
OCTAETCs HA 3TOM OBEPXHOCTH.
JlecTBUTENBHO, HUPKYJIISLUSA BEKTOPa CKOPOCTH B HEKOTOPHI MOMEHT BPEMEHHU 10 KOHTYPY Ha
MOBEPXHOCTU TPYOKH paBHA HYJIIO | | |
G=gy>dl = (yotv>dS = 2¢JvxdS = 0
C S S '

r 1
n6o w" dS Ha noBepxHocTH TpyOku Buxpsi. Ho Tak kak G = const A5 KOHTYpa, CBA3aHHOIO C

KHUJIKOCTBIO, TO 3HAUE€HUE LIUPKYJISILIMKA OCTAETCS PaBHBIM HYJIO Ul JJF000r0 KOHTYpa. JTO 3HAYUT,
YTO BEKTOP BUXPS OCTAETCS IEPIICHIUKYJIIPHBIM 3JIEMEHTAPHOM IUIOIIA/IKE, HATSIHYTOM Ha KOHTYD,
T.€. IJIOLIAJKa MPUHAJICKUT IIOBEPXHOCTH BUXpeBOU TpyOKu. Cie10BaTeNIbHO, BUXPb IBUXKETCS
BMECTE C KUJIKOCTBIO.

Tpemuvsa meopema
[Ipu neficTBUM HA KUAKOCTD JIHILb NOTEHLIUAIbHBIX CUJI IIOTOK BUXPEBOM TPyOKH BO BCE BpEMsI
JBIKEHUS OCTAETCS OCTOSTHHBIM.
Cwm. Teopemy TomcoHa.

Bropas u tpetbst Teopemsl ['enbMrosnpna cOCTaBiIsA0T MPUHIIAI COXPAHEHUSI BUXPS WIN
YCTOHYHBOCTH BUXPEBOM TPYOKH:

Eciu B HadabHBI MOMEHT BUXPH B )KUJIKOCTH OTCYTCTBYIOT (TCUCHHE MOTCHIIMAIBHO), TO OHH U
HE MOTYT BO3HHUKHYTbH B HJCaJIbHOM XUJIKOCTU 0e3 rpanui. Takum oOpa3zoMm, 1Jii BOSHUKHOBEHHS
BUXPEH Hy)KHA BSI3Kast dHUKOCTh U/ HATMYNE TPAHHII.
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