BBEJIEHUE B MEXAHUKY CILIOIIHOM CPE/bI

1. KoHnenuusi ClJIOIIHOM cpeabl

B npeapinymux pasnenax Kypca B OCHOBHOM pacCMaTpUBAJIOCh JBHKEHHE MAaTEPUAIBbHONW TOUKH,
a100 abCOIOTHO TBEPIOTro Tena. J[BuxkeHne 1eGopMUpyeMBbIX TBEPAbIX WU XKHUIKUX TeJl MpaKTHye-
CKH HE 3aTparuBajoch. VICKIIIOUeHNEM SBIISETCS ONMCAHUE CBOWCTB OJHOPOAHOTO YIIPYTOro CTEPKHS
WJIH TIPY>KUHBI C IOMOIIBI0 3akoHa ['yka.

IonsiTHE CIIONIHOM CpeIbI

B Hacrosmem pasaene Kypca Mbl paCCMOTPUM HEKOTOPBIE IPOCTHIE CIIOCOOBI OMTUCAHUS BHKCHHUS
neGopMUpYEMBIX Tell, B KOTOPBIX MpeobnanatoT Heynpyrue aepopmanuu. [lockonbKy onucanue ae-
¢dopmanuii BooOIIE MpenCTaBAsfeT AOCTATOYHO CIOXKHYIO 3a/ady, Mbl OIpaHMYMMCS H3Y4YEHHEM
CBOMCTB cIUTOMHOM cpeabl. CIyIomHoN cpenoil Ha3bBaeTcs (GU3MYECKOe TEI0, CBOHCTBA KOTOPOTO B
COCETHMX TOYKaX Majo OTJIMYAIOTCA. DTO O3HAYaeT, YTO (U3NYECKHE BEIMUYMHBI, ONPEIEIISIOHne
paccMaTpuBaeMble CBOMCTBA CIUIOIIHOW CpPebl, ONM3KH B COCEIHHUX TOYKaX. TpaaulMOHHBIMU TPH-
MEpaMU TaKUX TeJ SBJISIOTCS KUIKOCTH MU Ta3bl.

[Ipenmnonaraercsi, 4T0O MEXaHUYECKHUE U TEPMOJUHAMUYECKHE XapaKTEPUCTUKU CIUIOIIHONW CpeJibl
MOTYT OBbITh ONMCaHbl (PU3NYECKUMHU HOJISMM, TAKUMH KaK I10JI€ IUNIOTHOCTH, CKOPOCTH, AABJICHUS U
T.1. HamomMuuMm, 4to moniemM (pu3ndeckoi BETMUMHBI HAa3bIBACTCS OJHA WIIM HECKOJBKO (DYHKIIHIA, 3a-
JAHHBIX B K&KIOH TOYKE MPOCTPAHCTBA B KAXK/IBIii MOMEHT BPEMEHH.

Ha mpaxTuke 3amanue nmois GU3NYECKOW BEIMIUHBI CBS3aHO C ONPECIICHHON MPOIeypoit ycpe-
HEHHUs, KOTOPYIO MBI OSCHUM ITPUMEPAMHU.

[Ipenmnonoxum, 4To paccMaTpUBaEMOE TEJIO MOXKHO MPEACTABUTh B BUJIE COBOKYITHOCTH 0OJIBILIOTO
YHciIa YaCTHIl MOCTOSTHHOTO COCTaBa, Ka)/1ask U3 KOTOPBIX 3aHUMAET HEKOTOPBIH 3JIeMEHTapHBINA 00b-
em. Ecim snemeHTapHbIil 00beM, 3aHUMAaeMOM YaCTUIIEH MOKHO BBIOPATh TaK, YTOOBI €T0 pazMepaMu
MOJKHO OBIJIO MpeHeOpedb MPU ONMHUCAHUM JIBUKEHUS, TO TaKyl0 YacCTUILy MOXKHO pacCMaTpHUBaTh, KakK
MaTepHaIbHYIO0 TOUKY. B OOJIBIIMHCTBE Cily4yaeB 3TOT 00BEM ClIEQyeT BHIOpATh JOCTATOUHO MAaJIbIM.
JIBI>KeHME CIUIOUIHOM Cpelbl TOra MOKET ObITh MPEJCTABICHO, KaK JIBM)KEHHE OYEHb OOJIBLION co-
BOKYITHOCTH TaKMX 4YacTHll. boiee moapoOHO MOHSTHE «3JIEMEHTAPHBI 00bEeM» paccMaTpUBACTCS
HIDKE.

OnHuM U3 BO3MOXKHBIX METOJOB OMHMCAHUS SBISIETCS ONMPEEICHUE JIBIKEHHS KaXKI0W U3 YaCTHIL,
T.€. onpezaeneHne (pU3nIecKnx BEIMYUH, C HUIMU CBA3aHHBIX. Takoil moaXo Ha3bIBAE€TCsl OMHUCAHHEM
Jlarpanxa. I[Ipumenenue onucanus Jlarpanka NpescTaBiIsSeT ONpe/eieHHble yA00CTBa, MOCKOIbKY
HETIOCPEICTBEHHO CBS3aHO C BO3MOXXHOCTBIO HCIIOJIB30BAHHS MOJICNICH MaTepHaIbHOW TOYKH U TBEP-
noro tena. OmHAKO, HAa MPAKTHKE TAKOH MOJXOJ HMCHOJIB3YETCS TOJBKO JUTS M3YUYSHHS BUKCHUS B
TeueHHe HeOONBIINX WHTEPBAJIOB BpeMeHHu. Eciu crutomHas cpena JBIKETCS B OTPaHMYEHHOM 00b-
eMe B TEYEHHE J0CTaTOYHO OOJBIIOr0 BPEMEHM, TO TPACKTOPHUU YACTHUI] CHIIBHO TEPEIyTHIBAIOTCA.
YacTuupl, NepBOHAYaIbHO HAXOAMBILIMECS B COCEJHUX TOYKAX MPOCTPAHCTBA, OKAa3bIBAIOTCS pasjie-
JICHHBIMU. DJIEMEHTapHbIE OOBEMBI, 3aHUMAEMbIe COCCTHHMHU YaCTHIIAMH, MPH TAaKOM IBIKCHHH
CHJIBHO 1e(hOpPMUPYIOTCS U MOTYT UMETh 3HAYUTEIBHOE MPOTSHKEHHE TPU MajloM o0beMe. DTO TMpH-
BOJAWT K TOMY, YTO MaJIOCTh IEpBOHAYAIHLHOIO O0bEMa HE TapaHTHUPYeT OMM30CTH (PU3UUECKHX
CBOMCTB BEIECTBA B HEM CIIyCTS HEKOTOPOE BpEMs, YTO B CBOIO OYepE/b UCKIIOYAeT MPUMEHEHUS
anmnapara aupdepeHIaIbHOro UCUUCISHHS K TaKOH cpee.

ITo/ieBble BeJIMYUHBI B epeMEeHHBIX Jiijiepa

bonee ynoOHeIM sBIsieTcst noaxox Ditnepa. B 3Tom moaxoae paccMaTpuBaloTCs MBICIEHHO BbIJiE-
JICHHBIE 00BEMBI MIEPEMEHHOTO COCTaBa, MOJIOKEHHE KOTOPBIX 3a/1aeTCs KOOPIMHATAMH «TOYKH Ha-
OmoeHNs — JII000W TOYKH, TPUHAJUICKAIICH BRIIEIEHHOMY 00beMy. [lpeamnonaraercs, 9To MOXHO
BBIOpaTh 00bEM HACTOJIBKO MaIbIM, YTO (PU3WYECKHE BEIMYMHBI CPellbl BHYTPU TaKOro oObema He
3aBUCAT OT BBIOOpA «TOYKM HabmoaeHus». TakuMm oOpa3oM, B KaKIOH TOYKE NMPOCTPAHCTBA B Kax-
JIBIE MOMEHT BPEMEHH MOKHO OIPENEIHUTh BEIMYMHBI, 33/Ial0IIHE COCTOSHUE CIUIOIIHOW Cpebl —
¢usnueckue nosst. PaccMoTpuM B KauecTBe MpUMepa BBeJICHHE 1O MII0THOCTH. [Ipeanonoxum, 9to
neGopMHpYEMOe TeJIO yCTPOSHO TaK, YTO B OKPECTHOCTH JIFOOOW TOYKH, 3aJJaHHOW paJlyC-BEKTOPOM
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7, CyLIECTBYET JOCTAaTOMHO Majblii 00beM AV Takoi, uTo Macca BellecTBa B 3TOM o0beme Am
MPOIOPIIMOHAIIbHA BEIMYMHE STOr0 00bEMa U HE 3aBUCHT OT €ro (hOpMbI U Pa3MEpOB:
Am ~ AV
Kospduupent nponopuuoHansHocTH £ B OTOM BHIPAKEHMU HA3bIBAETCH IUIOTHOCTHIO Tela B

JaHHOW TOYKE MPOCTPAHCTBA B IAHHBII MOMEHT BpeMeHH £ = P71 ) Takum o6pazom
Am = pAV
OO0beM, U1t KOTOPOTO BBIIOIHAETCS MPONOPLUHOHATBHOCTD, Ha3bIBACTCS JIEMEHTAPHBIM, a (H3H-
YeCcKOe TeJI0 — CIUIOUIHOW cpenoil. Ha mpakTuke mponopuuoHaIbHOCTE COOMIOqaeTCst He Al JTI000i
¢dbopmbl 1 He I I0O6oro Manoro oobema. Ha BenmmunHy 00beMa 0OBIYHO HAKIIAABIBAETCS OTpaHUYe-

e AVuin <AV <AV Jiis M3ydeHHs BelecTBa B OOBIYHBIX YCIOBHSX OTpaHMYCHHUE CHHU3Y 00Y-
CJIOBJICHO MOJIEKYJISIPHOM CTPYKTYpOH BemlecTBa. MUHUMAaJIbHBIN 00bEeM JOJDKEH COAEpXKaTh JOCTa-
TOYHO OOJIBIIOE YMCIIO MOJIEKYJI, 9YTOOBI MOKHO ObLTO MpeHeOpeub GuyKTyanusMu. MakcuManbHbBIN
pa3mep 3IIEeMEHTapHOro oObemMa BHIOMpAETCs U3 YCIOBUIM JTOCTHKEHUS MPUEMIIEMON TOYHOCTHU OIHU-
CaHMU4.

AHanmorngaHeiM 00pa3oM BBOISTCS M TOJS JAPYTHX (U3UUECKUX BEIMUYUH, HAPUMEP, CKOPOCTH
i gapnerns. CauTaercs, YTO JBMKEHUE CIUIOIIHOW CPeIbl MOKET OBITh 3aJIaHO TOJIEM CKOPOCTEH

V= Tj(f{’t), €CJIM B OKPECTHOCTU «TOYKH Ha6J'I}OI[€HI/I}I)> 7 s KaXa0ro MOMeHTa BPEMCHU t CyHIeCT-

BYET dlieMeHTapHbIll 00beM AV Takoi, 4To CKOPOCTH BCEX YACTHUIL CPEABI B 3TOM 00BEME MOXKHO
CUMTATh OJUHAKOBBIMU C 33JAHHON TOYHOCTBIO.

Mogenb CIIONTHON CpeJibl UMEET MIMPOKYI0 00JIacTh MpUMEHEeHHs. Ee MOKHO HCIOJIb30BaTh, Ha-
npumep, JJIs U3y4eHUs ABMKEHHs OOBIYHBIX KUJKOCTeH mim ra3oB. Eciu anemeHTapHblii 00beM BbI-
OpaTb 10CTaTOYHO OOJIBIINM, HAIIPUMEP CPAaBHUMBIM WJIM MPEBBIIIAIOIINM pa3Mepbl COJIHEYHOM cHc-
TEMBI, TO MOJEJb CIUIOIIHOW CPebl MOXKET OBITh HCIIOJIB30BaHA WU JJISi ONMCAHMS JABMKEHUS 3BE3[
BOJIM3M siyipa [anakTuky.

2. [Tosre ckopocrei u negopManuu cpeabl

[Tone ckopocTeil CIUTOMIHON Cpeabl ONKMCHIBAET MPOU3BOJIBHBIE €€ ABMKEHHS, BKIoUas u aedop-
Manuu. [Tockonbky nBrxkeHue 0e3 aedopMaruii MOKET ObITh OIIMCAHO MOJEIIBIO TBEPAOIO TENA, pac-
CMOTPUM NOJApOoOHEe yCI0BUsA, KOTOPHIM YIOBJIETBOPSET MOJE€ CKOPOCTEH, ONUCHIBAIONIMX AedopMma-
UM CIUIOIIHOMN cpeabl. Onucanue JBIKEHHS YacTUIl Oy1eM BECTH B IEPEMEHHBIX Diiepa.

CnenaeM 3ameuanue o (opMe 3allMCH BEKTOPHBIX BeNIWYMH. Jlanee Mbl OyJeM UCIOJIB30BaTh JBE
(GopMBI NPEICTaBICHUS BEKTOpa — 3a/laHHE €ro C MOMOIBIO MPOEKLUil B BHIOpAaHHOHN JeKapTOBOi

X, Vy

cucTeme, Harnpumep , T7le MHAeKC k mpoberaeT 3HaueHus oT 1 1o 3, nubo kak abCTpakTHBIN

r€OMETPHYECKUH OOBEKT, OTMEYAs BEKTOPBI CTPEIKON s Vour . Jlnsg ynpoleHust OeHCTBUN C
BEKTOpaMH B Cydyae 3aJlaHusl UX MPOSKIUAMHU, MPUMEM COTJIAIIEHHE O CYMMHPOBAaHUHU IO TOBTO-
PAIOLIMMCS MHIEKCaM.

JInist KpaTKOCTH TpeICTaBICHUE BEKTOPOB B TIEPBOM BHUjI€ OyZeM HA3bIBaTh TEH30PHBIM, a BTOPOE -
BEKTOPHBIM. BO MHOTHX ClTy4asix UCIOJIb30BaHHE BEKTOPHBIX 0003HAUEHUH BMECTO TEH30PHBIX (TaM
IJle 9TO BO3MOXKHO) OKAa3bIBA€TCS MPEANOYTUTENIBHBIM, OCKOJIBKY BHJ YPaBHEHHM, 3allMCaHHBIX B
BEKTOpHOHU (popme, He CBSI3aH C KOHKPETHBIM BHIOOPOM KOOpAMHAT. B wacTHOCTH, BeKTOpHas (opma
MOXXET OBITh MCIIONB30BAaHA JAJISl 3aMCH YPAaBHEHHUI B MMPOU3BOJIBHBIX OPTOTOHATIBHBIX KOOPAMHATAX,
HanpuMep, HMINHAPUYECKUX WIN CPEPUUECKUX.

Jlns onpenenenus nedopMaluii paccCMOTPUM CKOPOCTh YacTHIL B JBYX OJM3KMX TOYKaxX - & u

X, + 8% Tonaras none ckopocTel tuddepeHIupyeMbIM, B TMHEHHOM NPUOIMKEHUH 110 o, HoJy-
YUM

Vi, + 6xk,t)= I/i(xk>l)+%6xk
ox,



o,

L0
OueBUIHO, YTO B TOM CITydae, KOTJIa CKOPOCTH BCEX TOYCK CPEIbl OJIMHAKOBEI, T.C. Ox, , nedop-
oV,
—L %0
Maluu cpebl 0TCyTCTBY0T. OHAKO U B Cily4ae Ox CYIIECTBYIOT JABMIXKCHUS, HE IPUBOJISIINC K

nedopmarmsiv. HammomanM, 910 ABIKEHHE Teja Ha3bIBaeTCs Je(opMarield, eciau U3MEHSIOTCS pac-
CTOSIHUSL MEXIy €ro TOYKaMH. DTO IPOUCXOAUT TOJBKO B TOM CiIydae, KOIZa IIPOEKLUU CKOpOCTEN
000 Taphl TOYEK Ha MPSAMYIO, MX COCAMHSIONIYIO, HE paBHBL. B paccmaTprBaeMoM ciydae 3TOU

ox

MPSMOM SIBJISIETCSI BEKTOP 'k, @ TIPOEKLUS BEKTOPAa CKOPOCTH MPOMOPLUUOHANBHA CKAJSIPHOMY IPO-

U3BE/ICHUIO K(xk,t )5x,._ [TpuMmeHsist 3TOT KpUTEpUI K YacTUIAM CIUIOIIHON CPebl, MOJIy4YHUM yCIOBUE

Ha I10JIe CKOPOCTEH, TP KOTOPBIX e(opMalii OTCYTCTBYIOT JUIsl JTFOOBIX &x; #0.

Vi(xk + 6xk’t)6xi = Vi(xk>t)6xi_

[ToryyeHHOE COOTHOIIIEHUE MPUBOIUT K MU (EepeHIIMATEHOMY YCIOBUIO IS TIONST CKOPOCTEH, OmH-
CBIBAIOIIIETO JBMKEeHUE 0e3 nedopManuii:

U ox.0x, =0
Xk
UL JIFOOBIX Ox; # 0.
T, = %
CBepTka TeH30pa Ny CUMMETPUYHOTO TEH30pa Ay = dx,8x; (Aik =4, ), HE paBHOTO HYJIIO,
T

00paIlaeTcs B HyJIb TOJBLKO B TOM CJIydae, KOra TEH30p i SBJIAETCA aHTHCHMMETPUYHEIM, T.€.
T, = _T;a'_

[Tpencrasmss TeH30p T B Bune CYMMBI aHTUCUMMETPUYHOTO T€H30pa A u CHMMETPHUYHOTO
TEH30pa Sik
Ty =4, +Sy
5
1oV, oV,
Ao=—| -+
e 2\ ox, Ox, ’
1(oV, oV,
Se=o|7+5"
a 2\ ox, Ox,

MIOJTYYUM CIIEIYIOLINIA KPUTEPHUI JIJIs OTpeieieHus 1e)OpMaIlii CIUIONIHOMW CPeIbl.
Jleusicenue cnaowinoli cpeowl aeaaemcs oegropmayueit, eciu CUMMEMPUYHBLIL MEH30D

RICANIA
“o2lax,  ox
He pagen modicOecmeeHHo HyI0. ITOT TEH30pP Ha3bIBAETCS TEH30POM CKOpocTeii qedpopmanuii u
OIpEAEIAET CKOPOCTh U3MEHEHMSI PACCTOSIHUS MEKAY COCETHUMU TOUYKAMHM CIUIOIIHOM Cpeapbl.
Ecnu BeIOpaTh OpHEHTAIMIO OCEH CHCTEMbI KOOPAMHAT TaK, YTOOBI B pacCMaTpUBaeMOil TOUKe

TEH30p CKOpOCTeii AehopMaliuii CTal IMaroHaIbHbIM

S, O 0
S;=10 S8, 0
0 0 S

TO 3a BpeM:A dt PaCCTOAHNUE MEXKAY TOUYKAMHU, HAXOAAIIMMHUCA Ha OCAX, H3MCHUTCS:
8x] = &x, + 8, dx,dt | By = 8, + S, 8n,dt | Sy = 8x; + Sy;0x,dt



DTO MPUBEET K N3MEHEHNIO PACCMATPHBAEMOTO HIEMEHTApHOT0 0bbema OF = 0%i8x,8%;

! ! ! !
8V = dx/dxidx, = SV1+(S,, + Sy, + Sy )t ]
CKOpOCTB W3MEHEHUS OTHOCUTEIILHOIO 00beMa OIpeACIACTCA CYMMOﬁ AUaroHaJbHBIX KOMIIOHCHT
TEH30pa CKOpoCTel AeopMarimii;

1 dsv _ 1 8vV'-sV _S, +S, +S., ZGV, +8V2 +6V3 :6Vk
8V dt 8V dt ox, 0x, 0x; O0x;
WU B BEKTOPHOU (hopMme
1 dsv _divy
8V dt

Taxum 00pa3oM, CKOPOCTb U3MEHEHHsI 3JIEMEHTAPHOIO 06’b€Ma IIPONOPLUOHAIIbHA IUBEPIEHIIAN
BEKTOpa CKOPOCTH B paCCMAaTPUBAEMON TOUKE.

3anuieM COOTHOIIEHHUSI MEXIY CKOPOCTSIMH YacTHLl CPeIbl B COCEIHUX TOUKAX MPOCTPAHCTBA,
UCTONb3Ysl BEKTOpHBIE 0003HaueHus. J[Is 3TOro CONMOCTaBHUM AaHTUCUMMETPUYHOMY TEH30pY

1(oV, oV, 1 | ov,
“oolox,  ox P TR T by
k i HC@BHOBGKTOP BI/IXpﬂ J , 3alIMCaB CBepTKy 3TOro TCH30-
pa ¢ eIMHUYHBIM aHTUCUMMETPHYHBIM TeH30poM JleBu-Uusura
Epy =&y = &3, =1
Epun = €z =3 =Epp =1
OCTaJIbHBIC PABHBI HYJIFO

Takoe comocTaBieHue B3aMMHO-OJHO3HA4YHO:

Alm = glmno‘)n .
I €x€mp = 0,0 —0,0. .
oclieIHEE COOTHOIIECHUE JIETKO I[OKa3BIBa€TC$I €CJIM YUYECTh TOKIECTBO ~7k"m im=j iL= jm
1 1
glmngnjlsA 2 glmngjknAjk 2 (8 6 8lksmj )Ajk = 5 (Alm - Aml ) = A[m
BBenenue nceBIOBEKTOPa BUXPS ITO3BOJISIET 3aMUCATh BEKTOP CKOPOCTH CPENIbI B TOUKE X, +6x,
1{oV. oV, 1oV, oV,
Vi(x, +8x,,8) =V, (x,, 1)+ —| —L — =% |8x, +—| — +—=* |5x,
2\ ox, Ox, Ox, Ox;
B BUJIE:
oY
Vi(xk +0x,,¢ ) V(xk’ )+ € ®,,00, +
i b
1 1 8V 6V
=—8,8x8x, =— 0,0
— 2 4\ ox, Gxi

B BexTopHBIX 0003HAUCHHSX MTOJYUEHHOE PAaBEHCTBO UMEET BUJIL:

V(F +87,t)=V(F,t)+ o 67]+ grad,, ¥

0= 1 rotV

rie 2
JT0 cooTHOMEHNE Ha3bIBaeTcs popmynoii Komm-I enbmronbia.
3. UaTerpajbHbie XapakTepucTUKu nojs. Iloroku

Kpome nuddepeHmanbHpIX XapakKTepUCTUK MOJSI YAaCTO MCTOJIB3YIOTCS M MHTETPAJIbHBIC Xapak-
TEPUCTUKH, IPUMEHEHNE KOTOPBIX JIeJIaeT omucaHue Oosiee HarasiaHbeiM. OnHOM U3 Haubonee ya00-
HBIX XapaKTEPUCTHK BEKTOPHOTO MOJIs SABIAETCA JIMHUSA Mojis. JIunueil BekropHoro nons A HasbiBa-
eTCsl HeNPEePhIBHAS JIMHUS, KacaTellbHAs K KOTOPOH B JTI000H €€ TOYKEe COBIIaAaeT ¢ BEKTOPOM IIOJIS B
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310it Touke. IlycTh THHHUS TIONS 33/aHa B MAPAMETPUUECKOM Buje ypaBHeHueM ! =T (S ), rae S - ma-

OoFls
ar = & ds
pamerp, HarpuMep, JarHa ayru. KacaTeabHblil BEKTOp Os MIPOINOPIIMOHATICH BEKTOPY I10-
1, T.€.
OF(s -
dr = ( )ds =ad
Os
DTO yCI0BUE MOXKHO 3aIUCaTh U TaK:
dx dy dz
A, Ay A,

JIns1 monst CKOpoCcTH ypaBHEHUE JIMHUM, HA3bIBAEMOU JIMHUEH TOKA, UMEET BU:

dx _dy _dz
v, V, V,

Ecnu nmuaumM TOKa mpoXOoIAT Yepe3 3aMKHYTHI KOHTYp L, To oOpa3yemas umMu TpyOKa Ha3bIBaeTCs
TpyOKo# Toka. I1ocKkoIbKy BEKTOp CKOPOCTH Ha rpaHulle TpyOKH TOKa Kaca-
TEJIEH K Hel, TO B Clly4yae CTAllMOHAPHOI'O TE€YEHHUs BCE YACTULBI KUAKOCTU
OyayT ocTaBaTbCs BHYTPH 3TOW TpyOkH. TpyOka TOka Ha3bIBaeTCs JIEMEH-
TapHOM, ecu BekTop monst A B 000 Touke HOBepXHOCTH S, HATAHYTOH
Ha KOHYp L, onnHaKoB.

TToToku pu3NYECKHX BEIMYUH H TPYOKa TOKA.

IToTokoMm BCKTOpa MOJIA A 4gepe3 IJJICMCHTApPHYIO IMOBCPXHOCTH ds Ha3bIBACTCsA BCJIIMYHMHA

d® = (Z[-dS ) Jlns momst ckopocTH ¥ TIOTOKOM BEKTOpPa CKOPOCTH SIBIISIETCS d®, = (V'dS ) Ecnu

paccMaTpuBaTh ABUKCHUC KHUJIKOCTH B TCUCHHUE 3JICMCHTAPHOI'O MHTEPBaJia BPDEMCHU At , TO 4aCTH-
bl CIUIOIIHOM Cp€abl, HAXOAAIIHUECA B MOMCHT BPEMCHU HAa KOHTYPE L, 3a 9TO BPEMs NIEPEMCIIAOTCA

Ha A7 =VAt Torma semmunua d®, - At = (VAt -dS ): (A’7 -dS ): AV
LIEIIEN Yepe3 KOHTPOJIBHYIO TOBEPXHOCTb.

- 3TO 00BEM XKHUIAKOCTH, TIPO-

Jlnst Hecxnmaemoit xkuakoctn divV =0 u morok yepe3 Moy 3aMKHYTYIO TTOBEPXHOCTbh, Orpa-
HUYHMBAIONIYIO0 HEKOTOPBIA 00BEM, PaBEH HYIIIO:
f(7-as)=[divrav=0
\ .

P

1
®=—rotV
[To106HO JTMHKUAM TOKA MOXKHO BBECTH JINHUM BUXPS 2 . YpaBHeHUe JIMHUH BUXPS
dc« dy dz

w [0 w

X y z

. 1 ..
divo =—divrotV =0
[TockonmbKy 2 , IOTOK BUXP 4epe3 JT00YI0 3aMKHYTYIO TIOBEPXHOCTh PaBeH

HYJIIO:
f(@-as)=0
Eciu B KauecTBe 3aMKHYTOU IMOBEPXHOCTH PAaCCMaTPHBaTh 00bEM TPYOKH BEKTOPA BUXPSI, OTPAHHU-

YCHHBII JABYMs CEYCHUAMU Z“l u 22 , TO IIOTOK BEKTOpPA HC 3aBUCHUT OT BI>I60pa KOHTPOJIBHOI'O CE€YEC-
HUA:



Zl ZZ .
Hcnone3ys Teopemy CTokca, MOKHO TpeoOpa3oBaTh MOBEPXHOCTHBIH MHTETPal K KPHBOJIHUHEH-
HOMY:

[(@-dS)="1{(rot7-das)="L{(7-ar)=T
z 2 P 2 C .

[TocToSHCTBO MOTOKA BUXPSI BIOJIb TPyOKH BUXPSI TOT/Ia MOKHO PaccMaTpUBaTh, KaK COXpaHEHHE
LUPKYJISLIKAU BeKTopa BUXps [' mo mobomMy KOHTYpY, OXBaThIBAIOIIEMY 3Ty TPYOKY.

[Toroxu pu3nyeCcKUX BETUUUH.

IIpencraBiaeHne o MOTKE Macchl WJIM CKOPOCTH MOXHO PacUIMpUTh M Ha Jpyrue uzndeckue
BEITMYMHBI CKAJISIPHON, BEKTOPHOU WIIM TEeH30pHOU mpupoibl. OcOOEHHO HATTSAHO MPEACTaBIEHUE O
MOTOKE JIJIsl KCTEHCHBHBIX (TPOMOPIMOHAIBHBIX YUCITY YacTHI) (PU3NYeCKUX BenudnH. OTMeTHM
HEKOTOpPBIE BEJIMUUHBI U UX TOTOKU

CkajisipHble: MOTOK 4YKCIa YacTHUL, IOTOK MAacChl, IOTOK 3JEKTPOUYECKOIO 3apsaja, MOTOK
KUHETUYECKOW ¥ BHYTPEHHEN SHEPTUHU, TOTOK SHTPOIIHH.

BexkTopHBIE: NIOTOK CKOPOCTH, NOTOK BHXpsl, NMOTOK HANPSXKEHHOCTH IOJsI, IMOTOK HMITYJIbCA,
IOTOK KNHETUYECKOI'0 MOMEHTA.

banaHcHbIe COOTHOLICHUS.

4. Onucanue B3aUMO/IelicTBUS B CIVIOLIHOM cpeje

Jl1st TOCTPOEHUs TMHAMUYECKOI TeoprH HE00X0AUMO BBECTH (PU3NUYECKHUE BEIMYHUHBI, OMUCHI-
BalONIHE JCHCTBHIE HA BBIICICHHBIN 3JIEMEHTApHBIA 00BbEM JIPYTHX Tell. B MexaHWKe MaTepuabHON
TOYKH IS 3TOTO UCIIOJIb30BaJICS BEKTOP CHJIBL. PaccMOTpUM cHIIOBOE ONMCaHue BO3ACUCTBUSA U B
MeXaHUKe CIIIONIHOM Cpe/Ibl, BBl HEOOX0quMble MoaupuKanuu. HamoManM, 9T0 B MEXaHHUKE TOY-
KU MBI pa3/JIeJIsUIM CHJIBI Ha JIBa OCHOBHBIX TUIA — CUJIBI JAJIbHOJICHCTBYIOIINE, IS KOTOPBIX MOXKHO
yKa3aTb 3aBUCUMOCTb OT PacCTOSIHUS MEKAY TeJaMM, ¥ CUJIbI KOHTAKTHbIE, BO3HUKAIOLIUE IIPU CO-
MIPUKOCHOBEHHUH TOYKHU M TBEPAOTO Teia. KOHTaKTHBIE CHITBI 00YCIIOBICHBI MAJTBIMU J1e(hOpMAIHsIMH,
KOTOpBIE HE PETUCTPUPYIOTCS OOBIYHBIM CIIOCOOOM, U TIOATOMY KOHTAKTHBIE CHJIBI MBI BBIJICIISUIN B
0COOBIH KIacC CHJI, HA3bIBAEMBIX CHJIIAMU PEAKIUH.

O0beMHBIE CHIIBI

AHaJOTHYHOE pa3/ieNieHre 1eJIecO00pa3Ho POBECTH U B MEXaHUKE CIIONTHON cpefbpl. Paccmort-
PHUM BHayaje JajlbHOJEHCTBYIOIUE CUIIbI, K KOTOPBIM OTHOCSTCS 3JIEKTPOMAarHUTHBIE M IPaBUTALIU-

oHHbIe cuiibl. ITycTh 31eMenTapHbiil 00beM AV 3amonHeH CIIomHoM cpeqoil miotHoctd A | TaK 4To

ero macca Am=PAV  Cyna TSHKECTH, ISUCTBYIOIIAS HA 9TOT 00BEM, AF =Amg = pgAV oxaspisa-

eTCsI IPOTOPIHOHATBHON BEMIHHE 00BEMa HE3aBHCHMO OT ero pasmepos u gopmsr: AF ~ AV Bek-
TOPHBIA KOA((UITUEHT MPOMOPIIUOHAIEHOCTH HA3bIBAETCS (00bEMHOM) TUIOTHOCTBIO CHITBL:

AF = JAV . B paccmarpuBaemom cirydae 00beMHas INIOTHOCTH CHJIBI HIMEET BH/I: f=r8.
[InoTHOCTB CUIIBI 3a/1a€TCSI B KaXA0W TOUKE MPOCTPAHCTBA B KAXKbII MOMEHT BPEMEHHU U OIpejie-

JIACT (I)I/I3I/I‘ICCKOG I10JIC IIJIOTHOCTH CHJIBI: f = f(fﬂt) .
ITo OIpPEACICHNIO, OJIA H&HBHOHCﬁCTBymIHPIX CHJI MOXKHO BBCCTHU ITIOJIC INIOTHOCTH CHUJIBI, €CJIM CH-

J1a, IEMCTBYIOIIAs Ha dJIeMEHTapHbIi 00beM AV mponoprmoHaibHa BEMYMHE 3TOr0 00beMa U HE
3aBUCHUT OT €ro (opMBI B pa3MepoB. K critaM Takoro THITa OTHOCSTCS M 3JISKTPOMArHUTHBIE CUITHI,
JICACTBYIOIINE HA 3aPSHKEHHYIO CILTOLIHYIO CPEly, €CIU PacIpeAesiCHUE 3apsiaa IPONnOpUUOHAIBHO
BEITUYHHE DJIEMEHTApHOTO 00beMa.

IToBepXHOCTHBIE CHJIBI

JI71s1 KOHTAKTHBIX CHJI CUTYallHsl HECKOJIbKO MHasl. CylIecTBYIOT TaKUEe KOHTAKTHBIE CHIIbI, BETHYH-
Ha KOTOPBIX MPONOPIHOHAIbHA IUIOIIAIA COPUKOCHOBEHHUS pACCMAaTPHUBAEMOTO 3JIEMEHTAPHOTO

o0bema ¢ apyrumu Tenamu: AF ~ AS | BenuuuHy 1 OpHEHTaLHIO 3JIEMEHTAPHON MOBEPXHOCTH CO-



NPUKOCHOBEHHS 3a1aauM BektopoM AS . Harpasnenue Bexktopos AF u AS e 00s13aTenbHO COBIIa-
JlaeT ¥ MOKET 3aBHCETh OT OPUEHTALIUH IIJIOMIAJIKH, T03TOMY KO3((HUIIMEHTHI IPONOPLIHOHAIBHOCTH
00pasyIoT TeH30p BTOPOro paHra. [103ToMy cOOTHOIIEHNE MEXTy 3JIE€MEHTApHON CUIION U JIeMeH-

TapHOH TUIOIAKON yA00Hee 3anucarh B TEH30pHBIX 0003HaueHusX. [ycth AF; MPOEKIUHU IJIeMEH-

TapHOTO BEKTOPA CHIIBI, a AS MIPOEKINN BEKTOpA DJIEMEHTAPHOM TuIomaaxku. Toraa ycimosue npo-

nopunonansroctn mveet ua: 2Fi = PudSy | rne temsop sroporo panra Pi = P (x.t) OTIpeIENsIET
0JIe, XapakTepHU3yIolee KOHTAKTHOE BO3/IEHCTBHE HA JAHHYIO JJIIEMEHTAPHYIO MIOBEPXHOCTh JPYTUX
yacTel CIUTONIHOHN cpefibl. [lonoxkeHne 31eMeHTapHO TUTOIIA KK B BEIOpAaHHOW CUCTEM OTCUeTa OIl-

penensieTcs: ee KoopJuHATaMU Xs B MAHHBIA MOMEHT BpeMeHM ! M OpHeHTaIuei, 3a1aBaeMOi BEKTO-

om A5k ot TEH30P Ha3bIBAETCs TEH30POM JIOKAJIbHBIX HAIPSHKEHUH.

JlnaroHajibHbIe KOMIIOHEHTBI TEH30pa OMPEEISIOT HOpMaJIbHBIE (TIEPIEeHANKYIISIPHBIE) COCTaB-
JIAIOILIUE BEKTOpA CHUJIBL, AEUCTBYIOLIETO HA IUIOUIA/IKY, @ HEIUArOHAJIbHBIE — KacaTeJIbHbIE COCTAB-
JIAIOLIME 3TOU CUIIBI.

B o0mem cirydae TEH30p BTOPOTO paHra 3a7aeTcs ACBSITHI0O KOMIIOHEHTaMH, OJTHAKO BO MHOTHX
cpellax B CHJIy 3aKOHA COXpPAHEHMsI KHHETUYECKOr0 MOMEHTa 3TOT TEH30P OKAa3bIBAETCSI CUMMETpUY-
HBIM:

p

Pix = P

YTO CHUKAET YKMCIIO HE3ABMCHMBIX KOMIIOHEHT TeH30pa 10 6. COOTBETCTBYIOIIMM BHIOOPOM OpHEHTa-
005051 oceit KOOpL[HHaTHOﬁ CHUCTCMbI MOKHO ITPUBECTU CHMMeTquHBIﬁ TCH30p K AHUaroHaJbHOMY BHIY.

B MPOCTBIX MOJCIIAX CIUIOIIIHOU Cpeabl €€ BO3H€ﬁCTBHe Ha 3JICMCHTApPHYIO INUIOIIAAKY MOKHO CHH-
TaThb HC 3aBUCAIIHUM OT OPHUCHTALHH. Takas Cp€aa Ha3bIBaCTCsA I/I30Tp0HHOI>’I. Ecnu xacarenbHbIE CO-
CTaBJIAIOIIME CUJI, JEHCTBYIOIIMX Ha ILUIOIIAAKY MPEHEOPEKMMO Maibl, TO TEH30p HANPSHKEHUH B
3TOM C.quae OKa3bIBACTCsA AUaroHaJIbHBIM, HpHHeM BCE€ €0 KOMITIOHCHTHI OJMHAKOBHEI. TaKaﬂ CI/ITya'
oy peaJiIn3yCTCsa B MOACIIN B3aHMOHeﬁCTBHH KHUAKOCTHU HJIM ra3a, HaXoAsAmeroca B OTHOCUTCIIbHOM
PaBHOBECHHU, OITMCbIBACMOM 3dKOHOM ITackamns. }KI/II[KOCTB HJIK Ta3, TOAYUHAIOIIHUECA 9TOMY 3dKOHY,

HA3bIBAIOTCA UJICATbHBIMU. TEH30p HANPSXKEHUN UCaTbHOU CIUIOIIHON CpeAbl HMEET BU:
P = _p(xsat)5ki
3HaK «MHHYC» B 3TOM BBIPa)KEHUH BBIOpaH Tak, 4TOOBI AJIeMEHTapHas Cuja, ACUCTBYIOIas Ha T0-

BEPXHOCTh, OIPAaHMYMBAIOIIYI0 HEKOTOPBIA BBHINEICHHBIH 00BbeM, OblIa HampaBiieHa BHYTPb 3TOTO
o0bemMa TIpH CTaHJAPTHOM BBIOOpE BHEIIHEH K MOBEPXHOCTH HopMaid. [Ipu 3TOM yJ00HO CUWTATh

k02 pULEEHT NponopLuoHansHocTH » (xs,l ) TTOJIOKUTENBHOW BEIIMYHNHOM.
B Gonee cnoXHBIX CIydasx NPUMEHSIOTCS MOJIENH, B KOTOPBIX CHJIA, JIEHCTBYIOIIAs HA HJIEMEH-
TapHYIO MOBEPXHOCTh, UMEET KacaTelbHbIE COCTABIISIOIINE, OOBIYHO NPOMOPLUOHAIBHBIE CKOPOCTH.

5. YpaBHeHus ABHKEHHSI CIIOLIHON Cpeabl

B ocHOBy ommcaHusi cromIHOW cpefibl OOBIYHO KIIAYTCs OIpeleieHHble AuddepeHiaibHble
YpaBHEHUS, CBA3LIBAIOIINE €€ XapaKTEPUCTUKH, XOTS B HEKOTOPBIX CIIydasx, HapUMeEp, IIPU OIUca-
HUM Pa3pbIBHBIX TeueHHH, AuddepeHnrnanibHbie COOTHOMICHUS HEMPUMEHUMBL. B 3THX ciydasx uc-
MOJIB3YIOT MHTErPAJIbHBIE COOTHOIICHHA.

OcHoBHble TuddepeHIraIbHble ypaBHEHNS, ONMCHIBAIOIINE CBOWCTBA CIUIOIIHOW Cpeibl, MOTYT
OLITh IMOJIYYCHBI U3 UHTCT PAJIbHBIX 0aJTaHCHBIX COOTHOIIEHHH JJIsA (bHSH‘ICCKPIX BCJIMYUH, €C XapaKTC-
pusyromux. [IpuMeneHne OanaHCHBIX COOTHOIICHHH OKasbIBaeTcs d()(EKTUBHBIM JTHOO B TEX ClTyda-
AX, KOrja M3BECTHBI JIOKAJIbHBIC 3aKOHBI COXPAHCHUA pacCMaTPpUBACMbIX BCIMYHUH, TAKHUC KaK 3aKOH
COXpaHCHHA MACChl UJIN DJICKTPUICCKOI'O 3apsa, 1mbo B CUTyaluAax, Korjga ygacTtcsa yCTaHOBUTDH 3a-
KOH U3MCHCHMUA paCCManHBaCMOﬁ BCJIIMYUHBI, KaK I UMITYJIbCa UJIIM KUHETHYCCKOIO MOMECHTA CUC-
TCMBI.

Taxum o6pa30M, paccMaTpuBacMbI€C COOTHOIICHUA TCCHO CBA3aHBI C 3aKOHAMH COXPAaHCHUA HUIIU
T€COpEMaAMHU 00 U3MEHEHUN OIPEACIICHHBIX MEXaHUYCCKUX, JICKTPUICCKUX UIIU TCPMOJUNHAMHUYCCKUX
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BEJIMYMH U SABJSIIOTCSA 0000LIEHUEM MX Ha CIydail CHCTEMbI IEPEMEHHOI0 YKcila YacTHll, BOSHUKAIO-
LIUX [IPH UCTIOJB30BAaHUM MEPEMEHHBIX Ditnepa.

Paccmotpum npocreiiimue u3 Hux. HarmomMHuM, 4To Npu ONKMCaHUU B NIEPEMEHHBIX Jiliepa, Bblie-
JICHHBI 00bEM CIUIOIIHOW Cpellbl BHIOpAH BCIOAY HEMOJBMKHBIM 110 OTHOLICHHIO K 3aJJaHHOM CHCTe-
Me€ OTcYeTa.

1. YpaBHeHHe HenmpepHIBHOCTH

PaCCMOTpI/IM N3MCHCHUC MACCHI B HCKOTOPOM BBIACIICHHOM 0o0beMe CIUIONTHOM Cpeabl 4 , IpEAIIo-
Jlaras, 4To €€ 4aCTHIbI MOT'YT CBO6OI[HO IIPOHUKATH CKBO3b ITOBECPXHOCTH ) , OTPaHUYMBAIOIIYIO0 3TOT

oosem. Ilycts plat) 3aJlaHHOE TI0JIe TUIOTHOCTH. Macca B BBIICTIEHHOM OOBeMe OnpesenseTcs
HUHTETPaIoM

M = plx, 0|V

M3MeHeHne Macchl, B CHUITy JIOKAJIbHOI'O 3aKOHA €€ COXPAHEHUs, MOTYT OBITh BbI3BaHbI TOJIBKO I10-
TOKaMHU MacChl Yepe3 TMOBEPXHOCTh X :

1y, = §pvkdsk
5

bamancHbie COOTHOIIECHUS AJI1 MacCChl IPUBOAAT K YPAaBHCHHIO:

0

—M=-1
ot

M
>

KOTOpPOC B JaHHOM CJIy4a€ UMCCT BU/:
0
*J‘ p(xk,t)dV = _§ PV, s
ots, s

Hcnons3ys Teopemy Octporpajackoro-Iaycca, mpaByo 4acTh 3TOTO BBIPAKEHHS MOXKHO Ipeodpa-
30BaTh K MHTETPAITY 110 00bEMY, TaK YTO BBIPAKCHHE TIPUMET BUJIL:

0 0
ajp(xk’tyl/ = —J.g/?"de
Vv 14 k

[TockonbKy MosyuYeHHOE COOTHOILIEHHE CIIPABEUINBO IS JTF000r0 00beMa CIUIOIIHON Cpefbl, T. €.

SABJISIETCSI TOXKIECTBOM OTHOCHTENBHO V', TO MOJBIHTErPaIbHOE BHIPAKEHUE B JIEBOW U MPABOM 4aCTsIX
9TOTO PaBEHCTBA COBIAJAeT. JTO MPHUBOAUT K YPaBHEHUIO HEMPEPHIBHOCTH B auddepeHnnansHon

hopwme:

o o
o’ o

DTO COOTHOIIEHNE MOJKHO 3aIiCaTh B BEKTOPHOH (opme:
0 :
a—p +div(pv)=0
t .

Bexropras Benmuuna J/ = £V Ha3pIBaeTCS IIIOTHOCTHIO MOTOKA MACCHI.
Eme oxna pacnpoctpaneHHas ¢opma 3alluCH CBSi3aHa C BBEIEHHEM CYOCMAHYUATbHOU NPOU3B00-

d 0 0

—=—+v
noti @t Ot ' O . TMomstne o CyOCTaHIIMAIBbHON MPOU3BOJHON CBSI3aHO C TNPEACTaBICHHEM O
mudQepeHIpOBaHIH BIOIh TPACKTOPUH JIBMYKCHHUS YACTHIBI U (PaKTHUECKH IMPEICTABISET COOOM
nepexo OT onucaHus Jitnepa K onucanuto Jlarpamxka. Mer OyneM paccMaTpuBaTh CyOCTaHIIHATIb-
HYIO TIPOM3BOJHYIO TOJBKO KaK HEKOTOPHIM MuddepeHInanbHbIid orneparop, ynpomawnmi GopMy
3aIlUCH YpaBHEHUH.
Beimonnss augdepeHnpoBanue BO BTOPOM ClIaraéMoM, M0JTy4aeMm:



a Fox, Tox

BBOI[S[ CY6CTaHHI/IaJ'H>HYIO MMPOU3BOAHYIO, IOJTYUUM:

dp__ o,
dt ox,
B BekTOpHO# GopMe ITO COOTHOIICHHUE MMEET BH/I:
d .
@ _ pdivy
dt )
Ecnu paccmaTtpuBaeMas CILUIONIHAS Cpea sSBisieTcss HeckumaeMmoid, T.e. divv =0, 1o u3 ypasuenus
d
P _o
HEITPEPHIBHOCTH CIELyeT, uTo dt , T.€. BIIOJIb JFOOOH JIMHUHM TOKA TIOTHOCTH CPEIbl OCTACTCS

nocrosrHoi £ = Po.,
2. YpaBHeHus Jilsiepa
Heckomnpko ciioskHee moayduTh auddepeHaabHble YpaBHEHHS, OMPEICIISIONINe H3MCHEHHE UM-
IyJibca CIUIOIIHOM cpenbl. Bocmonbp3yemcst 11t 3TOro TeopeMoi 00 N3MEHEHUH MUMITYJIbCa CUCTEMBI,
YUUTBIBAsI, YTO YMCIIO YACTHUI] B HEH MOXKET H3MEHATHCS.

BHoBB paccMOTpUM MBICJICHHO BBIICTICHHBIN 00BeM V, HpOHI/II_IaeMbII‘/JI JUIS 9aCTHI] CIUIOIIHOM

CPEJIbl, ¥ OTPEJEUM UMITYJILC 9TOro 06beMa. [10CKoIbKY UMITYIIbe d1eMenTapHoro oobema dV om-
penensieTcsi ypaBHEHUEM:

dp,=dm-v, = pv,-dV
b
MTOJTHBIA UMITYJIBC BBIICTICHHOTO 00heMa ONPEIeNsSIeTCS HHTETPAJIOM:
Pi = I PV id V
V

W3meHeHne nMmysbca B ’TOM 00bEMe BBI3BAHO BYMs HE3aBHCUMBIMU (hakTopamu. YacTHIHO H3-
MEHEHHE MMITyJIbCa B BBIAECICHHOM 00beMe OOYCIIOBJIEHO MEPEHOCOM €ro YacTHLAMH, IepeceKaro-
IIMMU TpaHuIly oObema. IIoTok ummybca uepes rpaHully ONpeaessieTcs BIpaKeHUEeM:

I} = _§ pVY,ds,
> .

I[pyraﬂ 9aCTb M3MCHCHUA HMIIYJIbCa BBIACJICHHOI'O o0beMa BBI3BaHA IMPUIOKCHHBIMU K HEMY
BHCIIHHUMU CHUJIAaMH U OIIPEACITIACTCA COOTBCTCTByIOH.ICﬁ TCOpCMOﬁ JUHAMHKH CHCTCMBbI YaCTHII. 910
IIPUBOAUT K CJICAYIOLICMY YPABHCHHIO, YUUTBIBAIOIICMY IleﬁCTBHe KakK 06’b€MHLIX, TaK 1 IIOBCPXHO-
CTHBIX CHJI:

ﬁ:gjpvidV =17+ [ fav + | pds,
8tV v x

[Moncrapnss crona BeIpak€HHE [UIS MMOTOKA MMITYJIbCA Yepe3 TPaHUILy, TOIYYHM BBIPKEHHUE LIS
CKOpPOCTH M3MEHEHHSI UMITYJIbCa PACCMATPHUBAEMOT0 00beMa:

gtjpvidl/ = —§ pv,ds, + If,-dV + §pikdsk
) S v s .

[Tepexons, ¢ momoribio Teopembl Octporpaackoro-I'aycca, OT HHTEIpHPOBAHUS O TOBEPXHOCTH K
UHTETPUPOBAHUIO IO 00BEMY, ITOJYUYUM OKOHYATEIbHO!

;IpvidV =—J‘8(/aj;};)")dV+lﬁdV+J‘(ZZ(dV

Vv Vv
B cuiny npous3sBOIbHOCTM 0O0beMa HMHTETPUPOBAHUS, MOXKHO NeperTu K IuddepeHnuarbHOMy
YPaBHEHHIO, OIPEICNISAIONIEMY H3MEHECHHE NMITYJIbCa CIUIONIHOM CPeIbl:
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P

D)+ (pv)= 1+

ot Ox, ox,

Jlns uneanbHol sxugkoctu Pic = P i 510 ypaBHEHHE IPUHUMACT BHI:
8 8 ap
—(pv. )+ —(pvv, )= f ——
at(pvl) axk (Iovz k) sz axi.

Y Ha3bIBaeTCA ypaBHEHUEM Diliepa.
Ucnonb3oBanne cyOCTaHITMANTBHON MTPOMU3BOTHON TTO3BOJISIET 3allMcaTh YpaBHEHNE B BEKTOPHOU (op-
me

d (D) + @idivi = f — gradp

dt :
KOTOPYIO MOXXHO YIIPOCTUTDH, YUHUTLIBAS ypaBHeHHe HerepBIBHOCTI/I
dv -
— = f —grad
e f—gradp

Bwmecre ¢ ypaBHeHHEM HENPEpBIBHOCTH 3TO YPAaBHEHHE COCTABIISIET OCHOBY ONMCAHUS HII€ANbHON
CIUIOIIHOM CpeIbl.

6. Di1eMeHTbI TEPMOJAMHAMHUKHU

YpaBHEHHE HEPEPHIBHOCTH M ypaBHEHHE DHjiepa TMO3BOJSIIOT ONPEICTUTh TTOJIE CKOPOCTEH U T0-
Jie TUIOTHOCTU JJIA CHCTEMBI, B KOTOPOM 3aJaHO MOJE JaBJIEHUH M MoJie MacCOBBIX cuil. OgHako B
OOBIYHOM MOCTAaHOBKE 3aj1ay TOJie JaBJIeHUH He 3amaHo. st GopMyImupoBKH 3a1a4d O JBUKCHUU
CIUTOIIIHOM CpeJibl B 3TOM Cliydae HeOOXOIUMBI TOTIOTHUTEIBHBIC COOTHOIICHHS, CBA3BIBAIOIIMEC JTaB-
JIeHWe, MJIOTHOCTh U CKOPOCTh. Takue COOTHOIIEHUSI MOTYT OBITh MONyYeHbl B paMKax TepMOJINHA-
MuKU. HamoMHIM OCHOBHEIE CBOMCTBA KJIaCCHYECKUX TepMoanHaMmuaeckux cucreM (T/] cucrem).

XapakTepUCTUKH TeJla OTIPEIEIAIOTCS COBOKYITHOCTHIO MEXaHUISCKUX BEJTMYHH, TAKMX KaK Macca,
IUIOTHOCTh, O0BEM, TIOJTHAS SHEPTHS, JaBIEHUE, a TaKKe CHEUPUISCKIX TEPMOJAMHAMUYECKUX Be-
JTUYUH, ONPEICTSIONINX MapaMeTphl TEIJIOBOTO IBIKEHHUA, TAKUX Kak TeMiieparypa. TepMoanHaMu-
YECKHUE XaPaKTEPUCTUKH MOTYT OBITH UCIIOJIB30BAHBI TOJIBKO TSI CHCTEM, HAXOJISIIHUXCS B TEPMOIH-
HaMHUYECKOM PaBHOBECHUHU.

CocrossHuE OTHOPOTHONW CHCTEMBI TIPH 33JJaHHOM 4urciie 9acTuil N = const OIpenenseTcs TepMo-
JMUHAMAYECKUMH TIEPEMEHHBIMA — IABJICHHEM, 00BEMOM U TeMITepaTypoit - p, V, T . CBs3b MeXITy
STUMU MTEPEMEHHBIMU OTIPEJIEISIETCS CBOMCTBAMHU PacCMaTPUBAEMOTO BEIIIECTBA U 33/1a€TCS mepMu-
YyecKuM ypagHeHuem:

p=pV.T.N),
Jns uneansHOTO Ta3a TEPMUUECKUM ypaBHEHHUEM siBIIsieTcs ypaBHeHue Knanelipona-Menneneena:

IlepBoe HaYaJI0 TEPMOANHAMUKH

OnHOM U3 OCHOBHBIX XapaKTEPUCTUK CUCTEMBI YaCTHI] sIBJIAeTCs €€ 3Heprus. IlonHas sHeprus mo-
JIEKyJI, BKITIOYAIOMIAs SHEPTHIO Xa0THUECKOTO (TEMIOBOTO) IBUKEHHSI MOJIEKYJT M SHEPTHUIO UX B3au-
MOJEHCTBUA B paCCMaTPUBAEMOM CUCTEME OTCUETA, YCPEIHEHHA 3a BPEMsI H3MEPEHNUs, Ha3bIBAETCS
BHYTpPEHHEH SHeprueil. BHyTpeHH:S SHEPTHs TEPMOIUHAMUYIECKON CUCTEMBI SIBIIsieTCS (DyHKITHEH
coctosiHusl. HarmomMHuM, 9TO 17151 MI€aIbHOrO OJHOATOMHOIO ra3a BHYTPEHHSISI SHEPT U ONPEAeIsieTCs
COOTHOILLIEHHUEM:

E=3Mpr

2p
Bo3saeiictBue Ha T/l cucTeMy BHEIIHUX TEJ yCIOBHO MOAPA3IEIAETCS HA MEXaHUIECKOE, BBI3BI-
Barotee jgeopmanmu (M3MeHEeHHEe 00beMa), H TETUIOBOE, KOTOPOE MOXKET U3MEHSATh COCTOSIHHE CHUC-
TeMBbI 0e3 gedopmaruii.
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IIpn MexaHNYECKOM BO3AECHCTBUN N3MEHEHUE BHYTPEHHEN SHEPTUH CUCTEMBI OIPEAEIIAETCS CO-
BEPIICHHOH €10 MeXaHMUECKOW padoTol. BenmnunHa TerioBoro Bo3IeHCTBHS OTIPEENISIETCS KOJTHYe-
CTBOM DHEPTHUH, IEPENABAEMON CHCTEME B MPOLIECCE TEIUIONEPEAAYN, U UBMEPSETCS KOJINYECTBOM
ternoTel. CyMMapHOe U3MEHEHHE BHYTPEHHEH HEPIruu BO BCEX Mpolieccax

AE=0-4,

KonuuecTBo TemnoTsl 1 MexaHuveckasi paboTa, COBEpILIEHHAs! CHCTEMOM IIPH MePeXo/ie U3 Ha-
YaJIbHOTO COCTOSTHUS B KOHEUHOE, 3aBUCAT KaK OT 3TUX COCTOSTHUM, TaK M OT XapakTepa nepexona. To
€CTb, OHU HE SABJIAIOTCS PYHKIUSMHI HAYaJIHbHOTO U KOHEYHOTO COCTOSTHHI PaccMaTprBaeMOi CUCTe-
MBI.

Tennonepenaya 0ObIYHO CONPOBOXKIAECTCS U3MEHEHUEM TEMIIEpaTypbl cucTeMsbl. Eciu n3MeHeHue
TEMIIEpaTyphbl NP TEIJIONEepenaye NPONOPIHOHAIBHO KOJIMYECTBY TEIJIOTHI, TOJIy4€HHON CHCTEMOM:

00 ~dT
YTO OOBIYHO OBIBAET B CIIydae MaJIbIX N3MEHEHHI B CHCTEME
dO<<E,
TO KOA((UIMEHT MPOTIOPINOHATBHOCTH, 3aBUCSIINNI KaK OT BEIIECTBA, TaK U OT XapaKTepa paccMat-
PHBaEMOro MpoLuecca, Ha3blBaeTCs TEINIOEMKOCTBIO:
30=CdrT .

311ech MHAEKC yKa3bIBa€T XapakTep mpolecca: n300apHbIi, H30XOPHBIN H T.JI.

B o0miem ciayyae TEIIoeMKOCTb MpOoLecca 3aBUCUT OT Ha4aJIbHOTO COCTOSIHMA cucteMsl. Eciu me-
XaHHW4eckas paboTa CHCTEMON HE COBEPIIAETCS, TO KOJIMYECTBO TEIUIOTHI, NOJYYEHHOE CUCTEMOM,
pPaBHO M3MEHEHHIO €€ BHYTPEHHEH SHEpTHH, KOTOpas SBIsETCS (YHKIUEH ee TepMOIMHAMUYECKUX

r[apaMeTpOB, HaHpI/IMep, TeMnepaTprI nu 061>eMa E = E(V>T)
50=dE(V,T)
Maiioe u3MeHEeHHE BHYTPEHHEN SHEPTrUM CHUCTEMBI B 3TOM CIIy4yae MPUBOAUT K MAJIIOMY U3MEHE-

CV = CV(V’T)

HUIO ee Temreparypsl. KoaddumnueHT nponopoHaibHOCTH B 3TOM CJIy4ya€ Ha3bIBa-

€TCS TEIUIOEMKOCTBIO TIPU MOCTOSIHHOM 00BeMe, T.K. dA = pdV = O, W 3aBHCHUT OT TEMIIEPATyphl U

oObema. 3amanne £ =E (V»T ) Ha3bIBACTCS KALOPUYECKUM YPAGHEHUEM:

3agaHne TEPMUYECKOTO M KaJIOPUUECKOT0 ypaBHEHHUH IOJHOCTHIO OTpENSIsSeT MOJCIh paccMmar-
pHUBaEeMOro BELIECTBA.

HNneanbHblii ra3

OnHoM U3 MPOCTEHINX COMEP KATEBHBIX MOJIENIEH SBIISIETCS MOJIENh HIeaabHOTO ra3a. i mac-
CBI 1 UJI€aJTbHOTO OJTHOATOMHOTO ra3a TeIIOEMKOCTh H30XOPHOTO Tpoliecca

TermoemMKkocTh U300apHOTO TpoIlecca TAKOTO Ta3a CBA3aHA C U30XOPHOH TETIOEMKOCTBIO COOTHO-
meHueM Maiiepa:

m
C,=C, +—R
U

BBOI[SI OTHOIICHUC TCHJ‘IOGMKOCTGI‘/’I Y = CP/CV . COOTHOIIICHHUC Maﬁepa MOKHO 3aI1icaTthb B BUIC
m
—R=C,(y-1)
p

VY 106H0I MOENBI0 U OBICTPO MPOTEKAIOMINX MEXaHMUECKUX OOpAaTHMBIX MPOIECCOB, KOTJa Te-
JI000MEHOM MOXKHO TpeHeOpeub, sBIsETCS afuabaTudeckoe MpUONMKeHne. TerIoeMKOCTh CUCTe-
MBI B TAKOM IIpoliecce paBHA Hy0. Mcnomnb3ys nepBoe Hayajao TEPMOANHAMUKH B quddepeHnnans-
HOH (opme, TOTyYUM ypaBHEHHE, CBA3BIBAIOIIEE JABJICHUE U 00BEM B 3TOM IIPOIECCE — YPABHEHHE
IIyaccona.
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HpI/I MaJIBIX U3MEHEHUSIX 00beMa CHCTEMBI SJICMCHTapHast pa60Ta npornopuruoHajbHa U3MCHCHHIO
OGT)CM&, a KOS(l)(bI/IHI/ICHT IMPONOPHHUOHATIBHOCTH ONIPEACTIACTCA TCPMUICCKUM YPABHCHHUEM COCTOSAHUA

p= p(V,T ), TakK YTO TMEepPBOE HAYalo TEPMOJMHAMHKH MOXKET OBITh MpECTaBICHO B MUddepeHIn-
aNIbHOI (hopMe, MpUYeM BCe BEMYMHBI, BXO/AIINE B IPABYIO YacTh ypaBHEHUsS SBISIOTCSA (QyHKIHS-

MU COCTOSTHHSI:
00 =dE + pdV
Jlnst uneansroro rasza 4E = C,dT | C yuerom tepmuueckoro ypasnenns P = Cy (Y - 1)T v
HAYaJI0 TEPMOIUHAMUKY JIJIS aINa0aTHYECKUX MPOIECCOB MPUBOJINT K YPABHEHUIO

nepBoe

C,dT + CV(y—l)ng =0

Ecnu mepexo/1 U3 HaAYaaIbHOTO COCTOSHHS B KOHEYHOE MOYKHO PACCMATPHBATh KaK IMOCIIEI0BATEIb-
HOCTh TPOMEKYTOUYHBIX KBa3HMPABHOBECHBIX COCTOSIHUH, TO auddepeHIraibHoe COOTHOMICHUE 0~
MycKaeT HHTErPHUPOBAHUE:

TV = const.
VYUuThIBas TEPMHUYECKOE ypaBHEHHE, OTCIOJIa JIETKO MOJYYHTh 3aBHCUMOCTh JaBJICHHS OT oObeMma
cucteMbl — aanadary [lyaccoHa, OMUCHIBAIOILYIO OOpaTHMBbIE TIPOIIECCH O€3 TEIUToNnepeIayn:

p(V) =Dy (V/Vo )v .

3nech P>V - mapamMeTpsl HAYATHHOTO COCTOSHUS CHCTEMEL.

YpaBHeHNs TEPMOAUHAMHIKH B IIEPEMEHHBIX CIJIOIIHON CPeAbl

[Ipu ucnonbp30BaHUM TEPMOIUHAMUYECKUX YPAaBHEHUH AJIs1 OMMCAHUA ra30MHAMUYECKUX Mpolec-
COB 4acTO ObIBaeT yAOOHO BBECTH B YPaBHEHUs IUIOTHOCTb CPENbl, UCKIIOYMB O0BEM C MOMOIIBIO

ypaBHeHus M = PV . Beousa YAEJNbHBIE BETMYNHBI C TOMOIIBIO COOTHOIICHUN:

E =me QZmC[ CVzch R:“r, CVZR/“,
TCPMUUYCCKOC U KAJTOPHUICCKOC YpPAaBHCHUA UIA UACAJIBHOI'O I'a3a MOKHO 3aIlluCaThb B BUJAC!:
p= rpT e= cVT_

[lepBoe HauanoO TEPMOAUHAMUKY [UIsl YIIEIbHBIX BEJIMYUH B 3TOM CIIydae IPEACTABISETCS YpaBHEHU-
eM:

6q:de—%dg
e :

VYpaBuenune oOparumoit anquadatsl [lyaccoHa B 9THX MepeMEeHHBIX UMEET BUIL:

p= po(p/po)y,

e Pos Po - JaBJICHUC U INIOTHOCTH I'a3a B HA4YaJIbHOM COCTOSAHHH.

OuTponus T/l cucreMbl 1 BTOpoe HAYAI0 TEPMOIMHAMUKHU

HuddepenunansHas Gopma nepBoro Havajaa TEPMOJUHAMUKHU MO3BOJISIET BBECTH JUISl ONUCAHUSA
MIPOIIECCOB TEIuIoNepenayn GyHKIHUIO0 TEPMOJUHAMUYIECKOTO COCTOSIHHSI CHCTEMBI - SHTPOITUIO B CO-
OTBETCTBHU C ypaBHECHHEM

00 =TdS

JIJis uieaibHOTO Ta3a 3TO yTBepkaeHNEe (GopManbHO cleayeT u3 quddepeHnuaib-Hoi GopMbl Tiep-

BOI'0 Hayasa Ipu y4yeTe TEPMHUECKOr0 U KaJJOPUUECKOTo ypaBHEHHUI:
30 =C,dT + pdV |

T
p:CV(V_l)

~|

re Gy = const |
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oG, L

Hockomsky OV |r 0Ty, 10 80 we sBnsercs momubiM 1 EPEHINATIOM |, CIEI0BATENBHO, HE
MOJKET ObITh PyHKIMEH cocTossHuA. OJHAKO, IOJIENUB JIEBYIO U MIPABYIO YacTh YpaBHEHHS Ha TEMIle-

paTtypy, MbI IIOJIYUYHUM PABCHCTBO:
oV T T oT \ |V v

KOTOpOE SIBJISIETCS HEOOXOIUMBIM M JIOCTATOYHBIM YCIIOBHEM TOTO, YTO BBIPAKECHHUE SIBISICTCS TOJ-
HBIM U dEepeHITnaIoM:

ds = % =ds(T,v)

Takum 00pa3om, I HIIEATFHOTO Ta3a CYIIECTBYET (PYHKITUS COCTOSIHUS - SHTPOIIHS, OIHCHIBAO-
mas TerI000MeH IpU KBa3WPaBHOBECHBIX Mporieccax. MHTerpupoBanne MpUBOIUT K SBHOMY BBIpa-
KEHUIO JIJIs1 Hee:

w =mc lnip/p0

TOVO%1 ' (p/Po )y .
3/1ech KOHCTaHTa UHTETPUPOBAHUS BEIOpaHa PaBHOW HYJIIO.
Otcrona BeIpaXXeHUE JUTs yAEIbHOM SHTPOIINHU HeaTbHOTO rasa:
P/ p
(p / Py )y .

YTBepkIeHHe 0 TOM, YTO TemIepaTypa Ajs JI000H CHCTEMBbI, a HE TOJIBKO JUIsl HICATBHOTO Ta3a
SIBJIIETCS. UHTETPUPYIOLIUM MHOKHUTEJIEM, HAa3bIBAETCSI BTOPHIM HAYaJIOM TEPMOJMHAMUKH, KOTOPOE B
¢dopmynuposke Kapareonopu riacur:

"B6sn3u 11000ro TEpMUYECKH PABHOBECHOT'O COCTOSIHUS CUCTEMBI CYIIECTBYET IPYTrO€ COCTOSIHUE,
KaK YroJTHO Majo OTJIMYaIoIIeecs] OT MePBOTr0, KOTOPOE HE MOKET ObITh JOCTUTHYTO IyTeM aguada-
TH4ecKoro nepexosa". MoKHO MOKa3aTh, YTO OHO SKBUBAIEHTHO 0oJiee MPUBBIYHON (HOPMYITHPOBKE
Knaysuyca o HEOOpaTHMOCTH CaMONPOHM3BOJIBHOTO MEPEX0/a TEIUIOTH OT OoJjiee HArpeToro Teia K
MeHee HarpeTomy 0e3 Kakux-au0o Jpyrux M3MEHEHUH B HEPAaBHOBECHOM cucCTeMeE.

Kak crnemyer u3 ompenenenus, B aquabaTHYECKUX (M KBa3MPAaBHOBECHBIX) IpoOIEccax SHTPONHUS
COXpaHseTcs.

Benenue sHTpONMH MO3BOJSET C MTOMOIIBIO BTOPOTO Haydasa ONpeAeInuTh BHYTPEHHIOIO SHEPTHIO,
KaK (DYHKIHIO BYX TMIEPEMEHHBIX — SHTPOIINHU H JaBICHHS:

de = Tds + -2 dg

2

S(T,V)=C, In

s=c, In

U YCTAaHOBUTH CBA3b MCXKIAY pa3JIMYHbBIMU TCPMOIAUMHAMHUYCCKUMHU NEPEMEHHBIMH C IMOMOIIBIO COOT-

HOIIEHUH:
Oe Oe
r-(%) =25,
S/q , Q

sS=s,=const e= e(e, So)= 8(9)

S .

B u3sHTponuiiHBIX Mpoleccax Mpu , YTO M ONpENENsAeT 3aBU-

cumocts P = P (9), HEOOXOAUMYIO B YPAaBHEHHSAX ABMKEHHUS CIUIOIIHON Cpesibl.
TepmoanHaMHuYecKHe NOTEHIHAIbI. JHTAJIbIUS.
Ouenpb y100HO B MEXaHHKE CIUIONIHOM CpeJbl HCTIOJIB30BAHUE JIPYTOro TEPMOAMHAMUYIECKOTO I10-
TEHI[MaJIa — SHTAJIBIINN, OTIPEEIIIEMON YypaBHEHUEM:
w=e+plo.

I[I/I(I)(bepeHHI/IaII OHTAJIBIINH, KaK CJICAYCT U3 BTOPOIo0 Ha4Yaja, UMCCT BHU/:
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dw=Tds+dp/g

tak uto W= w(S’Q).

B u3sHTpONUMitHBIX mpoleccax dw=dp/e , UTO TI03BOJISIET 3aMKCHIBATh MPABYIO YacTh YPaBHEHUS
Dlinepa B KoMNakTHOU (hopMe, yTI0OHOM JIsl TambHEHUIIETO aHaIu3a.

HepaBHoBecHBbIe IpoLecchbl M POCT IHTPONHUH.

B HepaBHOBECHOH M30JIMPOBAHHON CHCTEME ABYX TEN, OUYCHb C1a00 B3aWMOJCHCTBYIOMINX MEKITY
co00i1, MOKHO OIPEAETUTh TeMIEepaTypy Kaxaoro u3 tei. [lycTs Temmneparypa mepBoro Tesia BBILIE:

T, > T, PaccMoTpum mpomece TeriooOMeHa, Toaras, uTo ApyTHX H3MeHeHHil B cucteMe HeT. Torma
HampaBJIeHUE TEIUIONepeaayn ONpeeseHO BTOPHIM HavaioM TepMoauHaMuku (B ¢popme Kiaysuyca).

)
ds, = Y
[Ipu 5TOM SHTPONHS MEPBOTO TEJA YMEHBIIAETCS HA BETMUHHY T, , a Broporo - yBenuumBaeTcs
0
ds, = Y
Ha T, . Tlockomeky @S >dS, surpomms Takol CHCTEMBI pacTeT B NMPOLECCE YCTAHOBJICHHS

TEPMOJIMHAMUYECKOTO paBHOBecHs. O000IIast 3T0 yTBEp)KIACHNE Ha JIIOObIe HEPaBHOBECHBIE MPOIIEC-
CBbl, MOXKHO yTBEPXJaTh, YTO BO BCEX CIy4YasX YCTAaHOBJICHUS PAaBHOBECHUS B TEPMOJIUHAMHYECKOM

CHUCTEME JHTPOMUSl yBeNIWYMBaeTcs. B dacTHOCTH, M3MEHEHHS B aJMa0aTHYecKOl cucTteMe 80=0
MOTYT MITH JIUIIb B HAPABICHUH POCTa SHTPONUU AS > (), a COCTOSHUE PAaBHOBECHS ONPEACISETCS
yCJI0BHEM S = max.
3ameuanue.

Mps1 paccMOTpHUM Jaliee He TOJIBLKO KBa3HMpPaBHOBECHBIE MPOIlecChl. JIBMKEHNE Ta3a MOXKET COIpO-
BOXJIATHCSl BOBHUKHOBEHHEM YAapHOU BOJIHBI, B KOTOPOU SHTPOIHS CHCTEMbI BO3pacTaeT.

OpnHako BHayale 1eJieco00pa3Ho pacCMOTPETh MPOCTEHIIINE MPOIECCHl — U3PHTPOIUIHOE JIBHIKE-
HHE HJI€aTHhHON KUIKOCTH.

ITomoku mepxnodunamuuecxux eéeauyun. banancuovie coomunouwienus.

6. bapoTponHoe ABMKeHUE HACATBbHOM JKUIAKOCTH

B o0rmiem ciydae IIIOTHOCTD Cpefbl sBIsieTcss pyHKIMEH TeMiepaTypsl U qapieHus: P = p(p. T )
Takue mporeccsl Ha3bIBAIOTCS OAPOKIMHHBIMU. Eciin 1onoMHUTENBHBIE YCIOBUS, HaIpUMep, aguada-
TUYHOCTH JIBFKEHHSI, TIO3BOJISIIOT YCTAaHOBUTH 3aBUCUMOCTD TIOTHOCTH TOJIBKO KaK (D)YHKIIMU JlaBlie-

Hust P = P(P) , TO TIPOLIECCHI SBIISIOTCSE OAPOTPOITHBIMH.
Cucrema ypaBHEHUI UleanbHOMN cpebl

do =
—+o\V-0)=0
at *ov9)

dv —~
—=0of -V
dt Q p

C 3aJ1aHHOM 3aBUCUMOCTBIO € = 9(p ) o0pasyeT cucTeMy U3 ISTH YpaBHEHUH JUTS TIATH BETHYHMH, YTO
IIO3BOJIAET MOJHOCTBIO PEIIUTH 3anady. OHaKo yragars TEpMOAMHAMUYECKUE IIPOLIECCHI B KAXKION
TOYKE CIUIOIIHOM Cpebl y1aeTcCsl TUIIb B UCKIIIOYUTENbHBIX ciydasx. K Takum ciydasim oTHOCHTCS
00paTUMBII aaradaTHYecKuii POLIECC, YIIOMSIHYTHIH BbIIIe. B 4acTHOCTH, 111 MOAEIH UACaTHHOTO

rasa 3aBUCUMOCTH OlpeaensseTcs aquadaroi [lyaccona p(g) =D, (Q/ Qo )Y , TIE Y= CP / CV.
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Ecnu B HEKOTOpBINM HayaJIbHBIM MOMEHT BPEMEHHU SHTPONHMSI OJMHAKOBA BO BCEX TOUKAaX CIUIOIIHON
Cpedpl, TO YCJIOBHE aanabdaTUYIHOCTH IBWDKEHHS JKHIKOCTH MOKHO TIPOCTO 3amlucaTh B BHIE
s = const. Takoe NBHKEHNE HA3BIBAIOT UZIHIMPONUUECKUM.

Cy11ecTBEHHO, YTO B MPaBYI0 YacTh ypaBHEHUHN ABM)KEHUS UICATBHOM JKUAKOCTH BMECTO LIECTH

HEU3BECTHBIX MOJIEBBIX (DYHKIHN pij(r ’ t) OyZeT BXOIWTH BCETO OJHA (DYyHKITHS p(r, t), TaK 4TO
YPaBHEHUS JIBWXKEHUS UACATBLHOW JKUJKOCTH, HAa3bIBAEMbIC YpaBHEHUAMH Dijiepa, TIPUHUMAIOT BH/T
(B TEH30PHBIX 0003HAYEHHUSIX)

dv, 0
p—— =pf; - =
dt 5Xi (28)
WM (B BEKTOPHOH (opme)
dv
—=pf-V
Pa ~P 7P (29)

I[BI/DKGHI/ISI HHC&HBHOﬁ KHUAKOCTH, IIPU KOTOPBIX €€ IIJIOTHOCTh MOXKHO pacCMaTpuBaTh TOJBKO KaK

(YHKIMIO IaBJIeHHUs, HA3BIBAIOT 6apompontbimu P = F(p) Takoe ABMKEHHE MOXKHO OIHCATH CUCTE-
MO#l U3 mATH ypaBHeHUH - (29), (24) 1 ypaBHEHMs, BBIPAKAIOLIETO 0ApOTPONHOCTh ABMKEHUS WU
ypaBHeHUs (27), Tak Kak OApOTPOIHOCTh PEANM3yeTCs U MPH OOIIEM U3IHMPONUYEeCKOM JBWKCHUU
U/1€aIbHOM KUKOCTH.

W3MeHeHue yienbHONM BHYTPEHHEH SHEpruy ONpeeNnseTcsl TEPMOANHAMUUYECKUM YPaBHEHHEM
TerIonpoBoaAHOCTH (1-# 3aKOH TEpMOJIUHAMUKHN)

de ds dv ds ov,
dt dt dt st 8xi (30)

Ecmm x cucteme ypauenuit (29), (27), (24), (30) nobaButh mepmuueckoe ypasHehue COCTOSHUS
p= p(p, T) U Kanopuyeckoe ypasuenue, € = e(p, T), TO MBI TaK)Xe MOJYYHM CHUCTEMY YPaBHCHHIA,

OIMUCBIBAIOINYIO U3DHmMponu4decKue NBUKCHUA HHG&HBHOﬁ KUIOKOCTH. HpI/I H33HTPOIMUYCCKOM IBUIKE-
HHUH PII[CaJ'IBHOﬁ KUIAKOCTHU

dw = Vdp , (31)
1
re W - yIeNnbHas SHTAIBINUS KUAKOCTH, P - yienbHbIi 06beM, 1 MO3TOMY
\%
vw = P
P, (32)

YpasHenue Jiijgepa B popme I'pomexn-JIrmoéa
3anuiieM BEeKTOpPHOE ypaBHEHHE Diniepa s 0apoTpONHOro ABMXKEHHS B BHJIE TaK Ha3bIBAEMOTO
ypaBHeHus B popme ['pomekn-JIamba. Mcnonp3yem COOTHOIIEHHE:

v _v, (v-V)v
dt ot : (33)
Y CIIEIYIONINE JIETKO POBEPSEMBIE PABEHCTBA
2
1
(v-V)v= VV——[V~[V'V]] = —grad v’ —[v - rot v]
2 2 . (39
PaccMoTpuM ciyuaii moTeHIHMansHoN BHemHel cuibl, Tak uto f = —VU | Toacrasnsas (33) u (34) B
(29), monmyunm
2
&+2[m-v]=—V[V—+W+Uj = VP

371ech MBI TAKKe MCTIONB30BAH COOTHOMme e 0t V = 20 ,
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7. UHTEerpaibl ypaBHEeHUH ABHKEHUS UA€ATbHON KUIKOCTH
HuTterpan bepnyin

PaCCMOTpI/IM CTallTMOHAPHOC TCUCHHC HI[C&J'IBHOﬁ KHUIOAKOCTH. Cmal/;uOHaprlM WUJIn ycmawno-
susuumcss TCHCHUEM HaA3bIBAIOT TaKOC€ ABHXKCHHE, IIPU KOTOPOM B Ka)K)lOﬁ TOYKE IIPpOCTPAHCTBA, 3a-

ov

HOJHEHHOTO )KUIKOCTBIO, TOJIE CKOPOCTEH IMMOCTOSHHO BO BPEMEHH, TaK 4To Ot
YMHO)kHM ypaBHeHHE Ditnepa B hopme I'pomexu-JIamba Ha eTMHUYHBIN BEKTOP KacaTeIbHON

K JIMHUHU TOKAa B Ka)KI[Oﬁ €€ TOYKC. Tor,ua, YYHUTBIBAsA 4TO (1 ' [(D ’ V]) =0 , IOJIYYUM
oP
ol
OTCIOI[a CJICOYET, UTO B CiIy4a€ CTalMOHAPHOTO U33HTPOIMNMICCKOTI'O ABUKCHUS HHCaHBHOﬁ KHUIKOCTH,

2

v
P=—+w+U
HaxoasmEencs B 110JIE KOHCEPBATUBHBIX MAaCCOBBIX CUJI, CKaJIsIpHas BEJIMYWHA 2 IIOCTO-

SIHHA BJI0JIb Ka)KJIOW JIMHUU TOKA:

(1-V)P=(1-gradP)=— =0

2
v
7+W+U:const

3Hauenue const, BooOIIe TOBOPS, Pa3IMIHO JJIsl Pa3HBIX JIMHUN TOKa. [lomydyeHHOE cOOTHOIIEHNE
Ha3bIBACTCs uHmezpanom bepuynnu.

Ecnu ymMHOXUTH ypaBHEHHE Diliepa CKaIPHO Ha BEKTOP BUXPs, TO BHOBb IOJIYYUM HHTErpaj
BepHyau, KoTopbIii coxpaHseTcs Tenepb BAOJIb JIMHAN BUXPsl. Takum oOpa3oM, uHTerpan bepHymmm
COXpAaHsETCsl Ha IOBEPXHOCTH, HATSIHYTON Ha JIMHUIO TOKA U BUXPS, IPOXOSIIYIO Yepe3 BHIOPaHHYIO
JIMHUIO TOKA.

Hurerpana Kommu

Paccmotpum Temneps 0Oe3BUXpEBOE M3IHTPONHUYECKOE JABMXKEHUE HACAIbHOU XKUAKOCTH, HAXOIS-
mieiicst B mojie KOHCEPBATUBHBIX MACCOBBIX CHIL. be36uxpesvim WIN NOMEHYUANbHbIM HA3BIBAIOT JIBU-
KEHUS )KUIKOCTH, IPU KOTOPOM BO BCEM IPOCTPAHCTBE 3aBUXPEHHOCTh PaBHA HYJIIO, T.€.

1
owo=—rotv=0
2

[Tone ckopocTeii Mpu MOTEHIUAIEHOM T€YEHHH MOXKET OBITh IIPE/ICTABICHO B BH/E
v=V® = gradd

CKaJISIpHaSI q)yHKHI/Iﬂ KOOpAWHAT U BpEMCHHA q)(f’ Z) Ha3bIBACTCs IMOTCHIIUAJIOM CKOPOCTH.

[ToacTaBUB 3T BRIPAXKEHHMS [JIs CKOPOCTH U BUXps B ypaBHeHue ['pomekn-JIom0Oa, nomydnm
(@ v’

\ _t + 7 +w+U =0

HoﬂyquHoe YPaBHCHUE MOXXHO ITPOUHTETPHUPOBATH!:
@ 2
9 Y iw+U= f(t)
ot 2

b

rue f(t) - IPOU3BOJIbHAS (PYHKIMSI BpEMEHU. DTOT UHTErpal Ha3blBaeTcs unmezpanom Kowwu.

oD
—=0, f(t) = const
[Ipy cTaMOHAPHOM IBUKEHMH Ot , 1 uHTerpast Komm nepexoauT B ¢ WHTE-
rpai bepHymum
VZ
- + w + U = const
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8. IloTok 3Heprum uaeaJIbHOM KUIKOCTH

OrpaHn4uMcst pacCCMOTPEHUEM aAMa0aTHBIX U33HTPOIUHHBIX MTPOLIECCOB

Teopema 00 M3MeHeHMHU IHEPTHH
YMHOkas ypaBHEHHE Dilfiepa CKaIsIpHO Ha BEKTOP CKOPOCTH, MOKHO MOJIYYUTh YpaBHEHHE, OIIH-
CBHIBAIOIIIE N3MEHEHHE IIJIOTHOCTH SHEPTHH CPEJIBI:

pr i =~o-9p)-(7-v)

JleBast yacTh 3TOTO ypaBHEHUS MTPeoOpa3yeTcs K BULY:

_dv d v2 d(ev?) v? 0 (ov? . ~\out v?
g8V (0] v of0) (o et o de
dt dt dt\ 2 2 dt ot\ 2 2 2 dt.

,Z[J'IH Hp606p330BaHI/I$I IMOCJICAHETO ClIara€Moro BOCIIOJIB3yEMCS YPABHCHUEM HEIIPEPBIBHOCTU !

at —Q(Vv) —V (oD) + (v V)@

B utore neBas yacTthb YpaBHCHUS TPUHUMACT BU:
2 2 2 2 2
LI F PR TR Ul 8
dt ot| 2 2 2 ot\ 2 2

JI71s BBIYMCIIEHHS] MOIHOCTH TIOBEPXHOCTHBIX CHJI JaBIEHHUS B Cpeje (v-V)p =V(pD)- p(Vv)

BOCITOJIB3YyEMCA NIEPBBIM HAYAJIOM TEPMOJUHAMHKA

de _dq_ pde
dt dt g dt

KOTOpOE, C YUYETOM YpaBHEHUS HETIPEPHIBHOCTH, MOXKHO 3aIlucaTh B BUJE:

de _dq _p(Vo)

dt dt Q

N3 storo BBIPAKCHUS C YUCTOM YPAaBHCHUA HCIIPECPBIBHOCTHU IMOJTyHacM

B} de d N . B L
Vi)=02E _¢= _g=2 _
p[V)= o—-—d-= dt(9€)+ee(Vv) q at(ee)JrV(eev) q

Orcrona i aguadaTHBIX IIpOIECCOB q =0 MOITHOCTH CHUJI OIIPEACIIICTCS BRIPAXKECHUEM
fnoe = = O 0 ~ —
(Fr= -5)=~6-¥)p == (ee) - ¥((ee + )

PaBencrsa (a), (0) u (B) IPUBOIAT K ypaBHEHUIO

j(”;]d(p; V]=—§t(pe)—diV((pe+p)V)+(f'V)

b

(6)

KOTOpPO€ MOXKHO pacCMaTpuBaThb, KaK YPaBHCHHE JJIsI U3MCHCHUA ITIJNIOTHOCTH SHEPTHU BEHICCTBA U

ToJIS:
0 pv’ . pv’
—| pe+ T |==d +
at(pe 2] 1V[[pw 5|

3mecy W=€+ P/@ - unoTHOCTS SHTATBIHN.
DTO BBIPAKEHUE MOKHO IIPOMHTErPUPOBATH 110 HEKOTOPOMY (DUKCHPOBAHHOMY 00BeMY. HICIONb-
3ys TEH30PHYIO (POPMY 3aIUCH, TTOTyYHM
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0 v? 0 v
TNl Zvelar=—[Z pv|Vvwlar
SLE J@c,pv’ 2 |

[IpeoOpasyst uHTErpaj, CTOSAIMUI CcIpaBa, ¢ MOMOIIbI0 TeopeMbl OcTporpaackoro-I'aycca, B MHTe-
rpall IO TIOBEPXHOCTH, OTPaHHYMBAIOIIEH paccMaTprBaeMblii 00bEM, MOTyYUM BBIpaKEHUE, KOTOPOE
JIOIyCKAEeT MPOCTYIO0 MHTEPIPETALUIO:

o v’ v’
EJ‘p 74‘6 dV:—ﬁpVi 7+W dS,

[ToapiHTErpanbHOE BBIpaKEHHE CIIeBa MPEACTaBiIAeT cOOOW MIOTHOCTh 3HEPTHM M ONpeAesseTcs
CYMMOH BHYTPEHHEH SHEPTrUU U KMHETUYECKOW HEPTUN MAKPOCKOMMYECKOTO JBUKEHUS CPEAbl. JTO
BBIpa)KCHHE aHAJOTUYHO COOTBETCTBYIOIIEMY BBIPAXKEHUIO B MEXAHHUKE CHCTEMBI TOUYEK, KOTOPOE OIl-
peaensiercs o Teopeme Kenwra.

[ToapiHTerpangbHOEe BBIpAXKEHUE CIpaBa MPEJCTAaBIsSET COOOW MIOTHOCTH MOTOKA YHEPIUU CPEJlbl
yepes3 MOBEPXHOCTh, a TAKIKE YUUTHIBAET MOIIHOCTh IOBEPXHOCTHBIX CHJI, IEHCTBYIOIIKX HA CUCTEMY.
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9. BuxpeBoe ABHKEHUE KUTKOCTH
C momompto ypaBHeHus Diinepa B popme ['pomexn-JIsmMba MOKHO MOTydUTh YPaBHEHUE JBIKE-

HHUE BUXPs B 0ApOTPOIHOU cpelie, MPUMEHSS omepaluio T0t K JieBoi 1 mpaBoil 4acTsiM:

a—“)Jrrot(&xﬁ)zo

ot ,
I
w = —T10tV
rie 2 -BUXPb CKOPOCTH.
JUiist HECHKUMAEMOM CPEIBI IOTIOTHUTENBHO BBIIOJIHIETCS COOTHOIIEHHE

divi =0,
Ecmu © # 0, To 1BMXKEHHE ABISAETCS BUXPEBBIM, 4 HE IOTEHIMATLHBIM.
COBOKYITHOCTb KUJKHX YAaCTHII, COCTABJISIONIMX BHXPb, KaK ObI OTJEJEHA OT OCTAIbHOM YacTh

JKUIKOCTH MOBEPXHOCTBIO paszena. BEKTOpHOE mosie ® MOKHO M300pasHTh ¢ MOMOMIBK) BUXPEBBIX
JIMHUM, YpaBHEHHE KOTOPBIX UMEET BU:

dx, _ dx, _ dx
o (1) o) CO3(1)_

COBOKYITHOCTh BUXPEBBIX JIMHHUM, HATAHYTHIX HA 3aMKHYTHIA KOHTYp C , OrpaHM4MBaromuii BbI-

JIENIEHHY IO 3JIEMEHTAPHYIO IOBEPXHOCTH S , 00pasyeT BUXpeBO HIHyp (TpyOKy BUXps), 4TO [O3BO-
JISIET ONIPEIETTUTh MOTOK BUXPS WM €T0 HMHTEHCHBHOCTD:

cp:jaa-dS
S

[Ipeobpasys 3To BeIpaxeHue o teopeme CTOKCa, MOTyInM:
- 5 1 I S |
) =Ico-dS =—Irotv -dS =—§>v -dS =—T
N 2 N 2 C 2
T=§7-dS
3necn ¢ - IUPKYJISIIHASA BEKTOPA CKOPOCTH.
3ameuanue. Teopema CTOKCa IPUMEHMMA JIUILIL B OJHOCBSA3HOM 00JIACTH, B KOTOPOI KOHTYp IyTeM
HETPEPHIBHON JehopMaii MOKET OBITh CTSHYT B TOUKY. Eciu IBMKEHHE KUIKOCTH MPOUCXOINT B
HEOJTHOCBSI3HOW 00J1aCTH, TO TCUCHHE MOXKET XapaKTEepU30BAThCsl OTIMYHON OT HYJIS MUPKYIISAIUECH 1
B ciyuae 1otV =0,
[Tpumepom Takoro ABMKEHHS SBISIETCS 0OTEKaHHUE IIUIMHAPA IBYMEPHBIM MTOTOKOM C HUPKYIISIIUEH.
OT0 npuUMep paccMaTpUBaeTcs Aajee.

Teopema Tomcona o coxpanenuu yuUpKyIAUUU
Hupkynanys CKOpOCTH 10 KOHTYPY, IPOBOJUMOMY Y€pe3 OJIHU U T€ e YaCTHUILIbI UIeaIbHON KHUIKO-

CTH, HC UBMCHACTCA C TCUCHUEM BPEMCHU I' = const , €CJIM IPOLCCCHI SABJIAIOTCA 6apOTpOHHBIMI/I, a
CHJIBI ITIOTCHIIMAJIbHBIMHU.

Jlokazamenvcmeo

irzifﬁv-dl” =5f>iv-ail*+§f>v-aiﬂ
dt di? Yar '
I[IpeoGpasyem IepBOE ciaraeMoe B MPaBoii YaCTH C TIOMOIIBIO ypaBHEHHs Ditiepa

§1v-d7 =~} grad(U + P)-dl =—{d(U +P)=0
cdt C C .
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Bropoe crnaraemoe Taxke o0pamaercsi B HyJjib, IIOCKOJIBKY KOHTYp 00pa30BaH >KUAKMMH YaCTHLAMU

dﬂ =dv
u dt , TaK 9TO

dl v
iv-ddtzfv-dvzldz:

Teopembl I'eibMrosbLa

Ilepsas meopema.

[ToTok Buxps 1Mo Bcel JUIMHE BUXPEBOW TPYOKH (MHTEHCHBHOCTH BUXPS) OJMHAKOB B JaHHBIH MO-
MEHT BPEMEHHU.

Jlokazamenvcmeo

PaccMoTpuM KUIKOCTB, 3aKITIOUEHHYIO B TPYOKE BUXPS MEXKIY CCUCHUSIMHU Sius s HEKOTOPBIN
MOMEHT BPEMEHU U BBIUHCIUM MTOTOK BUXPA YEPE3 3aMKHYTYIO IOBEPXHOCTD, OTPAaHUYUBAIOLIYIO
3TOT 00BEM, BOCIIOJIL30BABIIUCH TeopeMoii ["aycca:

§mcm jmcm jmcm jmwodV 0

l 2

Joras=3[v-d
JIb , HHOJIYy4 HHBIN JIbTAT O3HAYACT, 4YTO LI JISIOUS BEKT!
ITockoabk S 0. (] C3 aT O3Ha4dac () K CKTOpa

CKOPOCTH B JIFOOOM CEUCHHH pr61<n, BBIYHCIICHHAS] B HEKOTOPBI MOMEHT BPEMEHH, OCTACTCS TTOCTO-
STHHOM:

l\.)

I =T, = const

Ortcrona cienyer, 4To BUXpeBasi TpyOka MOXKET ObITh JTHOO 3aMKHYTOM, 00pa3ysi BUXPEBbIE KOJIb-
1a, 100 OMUPATHCS Ha TPAHUIIBI JKUIAKOCTH.

Bmopasa meopema
Ecnu BHenIHME CUIIbl HOTEHIMANBHBIL, TO KUAKAs Macca, COCTaBJIAIONIAs BUXPEBYIO TPYOKY B KaKOM-
TO MOMEHT BPEMEHH, COXpaHsETCs B (hOpMe BUXPEBOH TPYOKH U BO BCE IMOCIIEIYIOIINE MOMEHTHI
BpPEMEHHU.

Jokazamenvcmeo

JIro06oii KOHTYp, 00pa30BaHHBIN YACTUIIAMH KUAKOCTH Ha MIOBEPXHOCTH BUXPEBOH TpyOKH, OcTa-
€TCs Ha 3TOU MOBEPXHOCTH.

JIeHCTBUTENBHO, IUPKYJIALUSA BEKTOpPAa CKOPOCTH B HEKOTOPBI MOMEHT BPEMEHHM 10 KOHTYpY Ha
MOBEPXHOCTH TPYOKH paBHA HYJIIO

r§ =hwﬁzhﬁo

b

160 ®LdS na noepxnoctu Tpy6ku Buxps. Ho Tak kax [' = const nya xontypa, cBS3aHHOTO C KU
KOCTBIO, TO 3HaUCHHE IIUPKYJISAIIUN OCTAETCS PaBHBIM HYJIIO UL JII000T0 KOHTYpa. ITO 3HAYUT, UTO
BEKTOP BUXPS OCTaeTCs MEPIEHANKYIISIPHBIM 3JIEMEHTApHO! IITOIIAIKE, HATIHYTOM Ha KOHTYD, T.€.
IUIOIIA/IKA PUHAIIEKUT IOBEPXHOCTH BUXpeBOi TpyOku. CiieoBaTeNbHO, BUXPh ABHKETCS BMECTE
C )KUJIKOCTBIO.

Tpemuvsa meopema
[Tpu pelicTBUM HA KUAKOCTD JIUIIH MOTEHIIMATBHBIX CHII IOTOK BUXPEBOW TPyOKH BO BCE BpeMs JIBU-

JKEHHUS OCTAETCs IMTOCTOSIHHBIM.
Cwm. Teopemy TomcoHa.

Bropas u Tpetbst Teopembl I e1bMronibua COCTABIAIOT MPUHIUAN COXPAHEHUS BUXPS WU yCTOM-
YHBOCTH BUXPEBOi TPYOKU:

Ecnu B HauanbHBIH MOMEHT BUXPH B KUAKOCTH OTCYTCTBYIOT (T€UEHHE MOTEHIMAILHO), TO OHU U
HE MOTYT BO3HUKHYTHh B WJ€aTbHOW >KHJIKOCTH Oe3 rpaHuil. TakuMm oOpa3oM, JJisi BOSHHKHOBEHUS
BHUXpPEH HY)KHA BA3KAs JKUIKOCTb W/WJIH HATMYUE TPAHHIL.
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